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PREFACE. 



This volume has been prepared at the solicitation 
of many teachers. The solutions of the exercises 
contained in Wentworth's Geometry are those given 
by the students of the Academy, and are believed to 
be especially valuable as showing the methods which 
naturally suggest themselves to the minds of begin- 
ners. 

The miscellaneous exercises are of various degrees 
of difficulty, and from them teachers can select such 
as are best adapted to their pupils. 

This daok is intended exclusively for teachers. 

Philups Exbtbr Academy, 
November t iBt^. 



GEOMETRICAL EXERCISES, 



Page 23. 

Ex. I. If an angle be a right angle, what is its 
complement? Ans, o. 

Ex. a. If an angle be a right angle, what is its 
supplement? Ans. irt,/.. 

Ex. 3. If an angle be three-fifths of a right 
angle, what is its complement? Ans. f rt. Z. 

Ex. 4. If an angle be three-fifths of a right 
angle, what is its supplement? Ans, \ rt. ^. 

Ex. 5. Show that the bisectors of two vertical 
angles form one and the same straight line. 

Let CFA and BFD be two vertical A ; and let 
FE and Fff be their respective bisectors. Z CIrA 
= Z BFZ>, .'. Z £FA = Z BFIf (Ax. 7). Now 
A£FA + CFE + CFB = 2 rt. /i. .\AECF 
+ CFB + BFH ^ 2 rt.A ; or, A EFB -{-BEH 
cc 2 rt. ^. .'. FE and FH form the same straight 
line (S 51). 

3 
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Ex. 6. Show that the two straight lines which 
bisect the two pairs of vertical angles are perpen- 
dicular to each other. 

Let COB and AOD, COA and BOD be the 
two pairs of vertical A ; and £1^ and //M their 
respective bisectors. Then Z HOC = Z. MOB 
(being halves of equal ^) ; and Z COE =iZBOE 
(being halves of the same Z ) . . • . Z HOE^Z MOEy 
.'. EFis± to IIM{% 26). 

Page 39. 

Ex. I. Show that the sum of the distances of 
any point in a triangle from the three angles of the 
triangle is greater than half the sum of the sides of 
the triangle. 

Let ABC be the A, and O any point within 
it. Draw OA, OB, OC. Now OA-h OB>AB; 
OA + OOAC; OB + 00 BC. .'. 2 OA 
-j- 2 OB + 2 00 AB + AC + BC. .'. OA 

+ OB + OC> 

2 

Ex. 2. Show that the locus of all the points at 
a given distance from a given straight line AB 
consists of two parallel lines, drawn on opposite 
sides of AB, and at the given distance from it. 

Draw CM and Z>If on opposite sides of AB, 
and at the given distance from it. Then CM and 
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DHoie the required locus, and since they are every- 
where equally distant from ABy they are H to it, and 
hence II to each other (§ 75). 

Ex. 3. Show that the two equal straight lines 
drawn from a point to a straight line make equal 
acute angles with that line. 

Let CD and CE be two equal straight lines 
drawn from the point C, and meeting the straight 
line AB at D and E. Draw CF ± to AB. Now 
FD = FE (§ 57). Fold over CFD on CF2& an 
axis; then A CFD will coincide with A CFE. 
Hence Z CDF = Z CEF. 

Ex. 4. Show that, if two angles have their sides 
perpendictifar, each to each, they are either equal 
or supplementary. 

Let CHD and AOB be two 24 having HC JlXo 
OB and HD JL to OA. Revolve Z CUD about 
the vertex /T as a pivot untU each of its sides de* 
scribes a rt. Z. The sides of the two A wiU then 
be II, two and two. If the sides lie in the same 
direction, or opposite directions, from their vertices, 
the ^ are equal (§ 77) ; if two of the sides lie in 
the same direction :from their vertices, while the 
other two sides lie in opposite directions, the two 
A dxt suppleaients of each other (§ 78). 
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Page 47. 

Ex. If the equal sides of an isosceles triangle 
be produced, show that the angles formed with 
the base by the sides produced are equal. 

Let CBD and BCE be the two ^ formed by 
producing the equal sides AB and AC oi the isos- 
celes A ABC, Since A ABC and ACB are equal 
(§ 112), their supplements CBD and BCE are 
equal. 

Page 49. 

Ex. Show that an equiangular triangle is also 
equilateral. 

Let AB C be an equiangular A. Since AB^AC^ 
side AC = side AB (§ 114). Since AA^AB, 
side BC = side AC. .*. A ABC is equilateral. 

Page 52. 

Ex. ABC and ABD are two triangles on the 
same base ABy and on the same side of it, the 
vertex of each triangle being without the other. If 
AC equal AD^ show that BC cannot equal BD. 

Let CAB and DAB be two A on the same base, 
ABy and on the same side of it, the vertex of 
each A being without the other, and let -4C = AD. 
Join the vertices C and D, Since AC =^ AD, 
A ACD = A ADC (112). But A BCD < 
A ACD and A BDC > A ADC. .'. A BDC 
>ABCD. .\ BC> BD (^ 111). 
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Page 53. 

Ex. If the angles ABC and ACB, at the base 
of an isosceles triangle, be bisected by the straight 
lines BDf CD^ show that DBC will be an isosceles 
triangle. 

Z ABC = Z ACB, .-. Z CBD = Z BCD 
(being halves of equal A). .'.A DBC is isosceles 

(§ 114). 

Page 72. 

Ex. I. Show that the interior angles of a hexa* 
gon are equal to eight right angles. 

Since the interior ^ of a polygon of n sides is 
equal to 2 (« — 2) rt.^ (§ 157), the interior A of 
a hexagon equal 2 (6 — 2) rt. ^4 = 8 rt. -^. 

Ex. 2. Show that each angle of an equiangular 
pentagon is f of a right angle. 

Since each angle of an equiangular polygon of 

2 in — 2) 
n sides is equal to rt. -^ (^S^)? C2.ch 

^ 2f^ — 2i 
angle of an equiangular pentagon = —12 : rt. ^ 

= f rt. ^. 5 ' 

Ex. 3. How many sides has an equiangular 
polygon, four of whose angles are together equal 

to seven right angles? 

2 (« — 2) 

Let n = the number of sides. Then 

n 

rt. 2:^ = the value of each Z (§ 158). But each Z 

2 (« — 2) 
= Jrt.A :, -^ ^=f. .'. «=i6. 



8 GEOMETRICAL EXERCISES. 

Ex. 4. How many sides has the polygon the 
sum of whose interior angles is equal to the sum of 
its exterior angles? 

The exterior A of b, polygon == 4 rt.2$ (§ 159); 
and the interior angles = 2 {n — 2) Tt.A {i 157). 
.*. 2 (« — 2) = 4. .'. ;i == 4. 

Ex. 5^ How many sides has the polygon the 
sum of whose interior angles is double that of its 
exterior angles? 

2 (;« — 2) = 8, .'. n = 6. 

Ex. 6. How many sides has the polygon the 
sum of whose exterior angles is double that of its 
interior angles? 

In this case 4 («— 2) = 4. /. « = 3. 

Ex. 7. Every point in the bisector of an angle 
is equally distant from the sides of the angle ; and 
every point not in the bisector, but within the 
angle, is unequally distant from the sides of the 
angle. 

I. Let A be the given Z, and AB its bisector. 
From any point in AB, as O, draw OC and OD 
± to the sides of the Z. In the rt. A -^4(76* and 
AOV, AO = AO, Z OAC = Z OAD (cons.). 
.\AAOC = AAOZ>i§ no). .'. OC=OI?. 

II. Let £ be any point within the Z, but not in 
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the bisector AB. Draw EF and ED Jl to the sides 
of the Z, and let ED intersect the bisector AB 
at O, From O draw OC 1. to the side AFy and 
join EC. Now EF< EC (§ 52), and EC < EO 
+ 0C\ that is, EC <E0 + (7i>. .\EC<ED. 
Still more, then, is iS'/'< ^i>. 

Ex. 8. -^^ 6* is a triangle having the angle B 
double the angle A, If BD bisect the angle B, and 
meet AC in D, show that BD is equal to AD. 

ZA = iZB (hyp.) ; and Z ABD =iZABC 
(cons.). .\ZA=ZABD. .\BD=AD{§ii4). 

Ex. 9. If a straight line drawn parallel to the 
base of a triangle bisect one of the sides, show that 
it bisects the other also ; and that the portion of it 
intercepted between the two sides is equal to one- 
half the base. 

Let ABC be a A, and let DE be parallel to 
the base BC, and bisect the side AB at D. Draw 
EF W to AB. ThenEF=DB (§i3S). But DB 
= AD (cons.). .-. EF== AD. Now Z ADE 
=z Z B (ext.-int. A), and Z B = Z EEC (ext.- 
int. A) ; .'. Z ADE = Z EEC. Also, Z CEF 
— Z A (ext.-int. A). .'. A ADE = A EEC 
(§ 107). .-. AE = EC, and .*. DE bisects AC. 

Also EC =DE. B\itBF=^DE{§t3s)' - ^^ 
^BF. .\DE=^iBC. 
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Ex. lo. ABCD is a parallelogram, E and F 
the middle points of AD and BC respectively; 
show that BE and Z>^will trisect the diagonal ^C*. 

Let BE and DF intersect the diagonal AC 
at the points H and K, The lines ED and BF 
are equal and 11 (being halves of the opposite 
sides of a O). .*. BE is II to DF (§ 136). In 
the A ADK, EH is II to the base DK, and bi- 
sects the side AD^ .*. EH bisects AK at H 
(Ex. 9). .-. AH^ HK, In the A CBH, FK 
is II to the base BH and bisects the side CB, .*. 
FK bisects the side CH si K. .\ CK ^ KH. 
.*. AHj HKy and KC are equal. That is, -4 C is 
trisected. 

Ex. II. If from any point in the base of an 
isosceles triangle parallels to the equal sides be 
drawn, show that a parallelogram is formed whose 
perimeter is equal to the sum of the equal sides of 
the triangle. 

Let ABC be an isosceles A, and D any point 
in the base BC. Draw DE II to CA, and DF II 
to BA, Now AEDF \&2lCJ (having its opposite 
sides 11). Z EDB = Z C (ext.-int. A^ and hence 
— A B, .'.A EBD is isosceles, and ED = EB, 
In like manner FD = FC ,'. AE -f ED + DF 
'{'FA = AE+EB + FC + AF= AB + AC. 
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Ex. 12. If from the diagonal BD of a square 
ABCD, BE be cut off equal to BC, and EF be 
drawn perpendicular to BD^ show that DE is equal 
to EF^ and also to FC, 

In the A DEF^ Z DEF is a rt. Z (cons.), and 
Z EDF = i rt. Z. .-. Z iE*/^X> = J rt. Z. .'. 
A DEF is isosceles, and ED = i?/l 

Join BF, Now BE = BC (cons.) and j?/^ is 
common to the A ^^Z' and ^C/: .*. A BEF 
= A ^CT?- (§ 109) ; .\EF= FC -, ..DE = FC. 

Ex. 13. Show that the three lines drawn from 
the vertices of a triangle to the middle points of the 
opposite sides meet in a point. 

Let ^^C be the A, ADy BF, and CE lines drawn 
from the vertices of the A to the middle points of 
the opposite sides. Complete the O AHCB, and 
draw AA^ to the middle point of HC ; CC to the 
middle point of AH-, and draw the diagonal BH. 
Then BH bisects ^ C (§ 138) . But BF bisects A C 
(hyp.), .'. BHand BF, having two points in com- 
mon, coincide. Now the lines AD and CC trisect 
BB, also A A' and CE trisect BH (Ex. 10). .*. 
AD and CE intersect BFat the point O. .'. AD, 
BF, and CE meet in a point. 



12 GSOMETRICAL 



D» «3<:J*M>; 



Page 84. 

Ex. I. Show that, of all straight lines drawn 
from a point without a circle to the circumference, 
the least is that which, when produced, passes 
through the centre. 

Let BEF be the O, and A a point without the 
O. Join A and C, the centre of the O, inter- 
secting the circumference at B, Draw any other 
line to the circumference as AD. Join DC, Now 
AB + BC < AD + DC, Take away from this 
inequality tfie equals BC and DC^ and AB < AD. 

Ex. 2. Show that, of all straight lines drawn 
from a point within or without a circle to the cir- 
cumference, the greatest is that which meets the 
circumference after passing through the centre. 

Let A and B be two points, one without and the 
other within the O, and let AD and BH be two 
lines drawn through the centre, C, and terminating 
in the circumference at D and H respectively. 
Draw any other two lines, as A£ and BF, terminate 
ing in the circumference at £ and F respectively. 
Join C£ and CF. Now AC + CF > AF. /. 
AC+ CD > AF, or AD > AF. In like manner 
it may be shown that BH > BF. ,\ AD and BIf 
are the greatest lines that can be drawn from A 
and B respectively to the circumference of the O. 
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Page 85. 

Ex. AB^ a chord of a circle, is the base of 
an isosceles triangle whose vertex C is without the 
circle, and whose equal sides meet the circle in D 
and E. Show that CD is equal to CE. 

Draw AE and BD. In the A ^ C^ and ^ CDy 
CA = CB (hyp.) ; Z C = Z C, and Z C^^ 
= Z Ci9Z>. .-. A ACE = A i9CX> (§ 107). 
.-. CD = C^. 

Page 96. 

Ex. Show that the least chord that can be 
drawn through a given point in a circle is perpen- 
dicular to the diameter drawn through the point. 

Let C be any point in the O DAB, and DE 
the diameter drawn through C Also let AB be 
a chord drawn through the point C and _L to DE. 
Draw any other chord through C, as FH\ and from 
O, the centre of the O, draw OK L to FH. Now 
OK<OC (^%<,2). .\AB<FJI{§ iSs). 

Page hi. 

Ex. I. Find the locus of the centre of a cir- 
cumference which passes through two given points. 

Connect the two given points A and B by the 
straight line AB, and draw DE bisecting AB at 
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right angles. Then DE will contain every point in 
the plane AEBD equally distant from A and B 
(§ 58), and will be the bcus required. 

Ex. 2. Find the locus of the centre of a cir- 
cumference of given radius, tangent externally or 
internally to a given circumference. 

Let m be the given radius and ABC the given 
circumference. Draw OA, the radius of the given 
circumference. From C? as a centre, with a radius 
= OA — niy describe the circumference DEF. 
Also, from C? as a centre, with a radius = OA -f m, 
describe the circumference HKL. The circumfer- 
ence DEF will be the locus of the centres of all 
circumferences which' have m for a radius, and 
are tangent internally to ABC; and HITZ will 
be the locus of the centres of all circumferences 
which have m for a radius and are tangent exter- 
nally to ABC. 

Ex. 3. A straight line is drawn through a given 
point A, intersecting a given circumference at B 
and C, Find the locus of the middle point F of 
the intercepted chord BC. 

Let F b^ the centre of the given circumference. 
Through F draw AF intersecting the given circum- 
ference at D and E. From F draw FF. Z FFA 
is a rt.Z (§ 183). About the A FFA circum- 



GEOMETRICAL EXERCISES. 1 5 

scribe a O intersecting the given circumference 
at H and K, The arc HFK is the locus required. 
For, if through any point F^ of this arfc the line 
AP^ be drawn intersecting the given circumference 
at B^ and C\ and FP^ be drawn, Z FP^A is rt. Z 
(being inscribed in a semicircle). .•. FP bisects 
the chord ^'C (§ 183). 

If the point A be within the O, the circumfer- 
ence described upon FA as a diameter will be the 
locus required. 

Page 126. 

Ex. I. If the sides of a pentagon, no two sides 
of which are parallel, be produced till they meet; 
show that the sum of all the angles at their points 
of intersection will be equal to two right angles. 

Let ABCDE be the pentagon, and let a^ b, e; 
d, e^ be the A formed by producing the sides of 
the pentagon. The sum of ail the A of the five A 
exterior to the pentagon is ten rt. A. But A aAB 
->r bBC + cCD-\- dDE ->r eEA = four rt. A, and 
AaBA'\'bCB + cDC-\-dED-\-eAE^{omrt,A 
(§ 159). .*. A ay by Cy dy ey = (10 — 8) rt. zS = two 
r\.,A. 

Ex. 2. Show that two chords which are equally 
distant from the centre of a circle iu:e equal to each 
other ; and of two chords, that which is nearer the 
centre is greater than the oi^e more remote. 
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I. Let AB and AC \^ two chords at equal 
distances from the centre O of the O. Draw 
OE and* OF -L to AB and AC respectively, 
and join OA. The tt. &^ AOE and A OF are 
equal (§ 109). /. AE = -4J?: .'. 2 ^-ff = 2 AF\ 
thatis, ^^ = ^C. 

II. Let ^X> be another chord farther from the 
centre than AC. Draw OH ± to AD. OH will 
intersect the chord AC at AT. -^AT > ^^ (§ 52), 
stiU more is KC > AH. .'. AK + KC> 2 AH, 
orAOAD. 

Ex. 3. If through the angles of an isosceles 
triangle which has each of the angles at the base 
double of the third angle, and is inscribed in a cir- 
cle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which 
has each of the angles at the base one-third of the 
angle at the vertex. 

Let the isosceles A ABC have each of the 
A ABC and ACB equal to twice Z BAC, and 
be inscribed in O BAC. Also let jDF, DE, and 
EF be drawn tangent to the O at the points A, 
By and C respectively. Since Z. ABC = 2 Z A, 
arc AC = 2 arc BC; also arc AB = 2 arc BC. 
Now Z 27 is measured by ^ arc AC + ^ arc BC— 
i arc AB (§ 210) ; :. Z D is measured by J arc 
BC. In like manner Z -Fis measured by J arc 
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BC. .-. A DEFS& isosceles (§ 114). Now Z E 
is measured by ^ arc AB + j arc AC — \ aicBC; 
or, since arc AB = 2 arc -5C, and arc AC= 2 arc 
^C, Z. £ is measured by J arc ^C. .\ Z £ = ^ 

Ex. 4. /#Z?-5 is a semicircle of which the centre 
is C; and AEC is another semicircle on the diam- 
eter AC \ AT is a common tangent to the two 
semicircles at the point A, Show that if from any 
point F, in the circumference of the first, a straight 
line FC be drawn to C, the part FJi^, cut off by 
the second semicircle, is equal to the perpendicu- 
lar FUto the tangent AT, 

Draw AJi^, and produce it to meet the circum- 
ference at M. Z AHF is a rt. Z (hyp.), and 
Z AKF is a rt. Z, for it is the supplement of 
AKCy and AKC is a rt. Z (being inscribed in a 
semicircle). Now arc AF=aic FM, for radius 
CH^F ± to the chord AM bisects the arc AFM. 
Join AF Then Z HAF = Z FAK (being meas- 
ured by halves of the equal arcs AF and FAf). 
.\ A HAF^ A KAF{% 110). .\FH^FK. 

Ex. 5. Show that the bisectors of the angles 
contained by the opposite sides (produced) of an 
inscribed quadrilateral intersect at right angles. 

Let ABFC be an inscribed quadrilateral, let AB 
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and CF prodaced meet at Ey and let AC and BF 
produced meet at D. Also, let the bisectors ES 
and DM intersect at O^ and let ^5 intersect arc 
BF at V\ the side BF at Z, and AC at N, and 
the bisector Z>il^ intersect the arc FC at Wy the 
side J?'C at AT, and ^^ at ^. In the A A'C?^ and 
EOH, Z. KEO is measured by J (75- J/?'F(§ 210); 
and Z Zr^(7 is measured by ^ ^5 — ^ BV{% 210). 

ButZAr^(? = ZZr^C?(hyp.). .'.iCS-J^^ 
= J^5-i-5F. .\iCS+iBFt^iAS + iFy. 
In the A Z>6>iV and DOL, A ODN == Z <9Z>Z 
(hyp.) ; Z OND is measured by ^ ^5 + J C^ + 
^/'r(§ 208) ;ZZ>Z(9 is measured by J^r+ J C^ 
-\- i CS. Now, since J C!^ is common, and J -4.S 
-I- ^ ^F has been shown to be equal to i CS 4- 
^BVyAOND^A OLD. r.ZDON^ZDOL 
(§ 100). .•. the bisectors DM and ES intersect at 
rt. A, 

Ex. 6. If a triangle ABC be formed by the 
intersection of three tangents to a circumference 
whose centre is Oy two of which, AM and AJV, are 
fixed, while the third, BC, touches the circumfer- 
ence at a variable point P; show that the perimeter 
of the triatigle ABC is constant, and equal to AM 
+ ANy or 2 AM, Also show that the angle BOC 
is constant. 

I. AM « ANy BM « BPy and CN - CP 
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(§ 241). .-. AB + BP^ AM) and AC + CP 
^AN. ..AB + BP+AC+CP=AM+AN 
= 2 AM. Since AM is constant, the perimeter of 
the A ABC is constant. 

11. From O, the centre of the O, draw OB and 
OC. Join OM and ON. The rt. A (9PC = 
rt. A ONC (§ 109). .-. Z CC^/' = Z CON. In 
like manner the rt. A OPB =« rt. A 0MB. .\ 
Z P(9^ = Z ^C>J/. .-. Z ^(9C = i Z ilf(9iV; 
Since MONis constant, Z ^C>C is constant. 

Ex. 7. ^^ is any chord and ^6* is tangent to 
a circle at A, CDE a line cutting the circumference 
in D and E and parallel to AB \ show that the tri- 
angles A CD and EAD are mutually equiangular. 

Z BAE = Z ^^Z> (alt.-int. A). Z C4Z> 
= Z AED (each measured by J arc -4Z?). 
.-. Z BAE = Z C^Z>. Z ACD is measured by 
^ (arc ABE — arc -4Z>) ; or, since arc BE = arc 
ADy Z -^CT? is measured by J arc AB. And 
Z -^-fi"^ is measured by J arc ^^, .'. Z -4CZ> = 
Z AEB. .'. the two A are mutually equiangular 
(§ 100). 

Page 127. 

Ex. I. Draw two concentric circles, such that 
the chords of the outer circle which touch the inner 
may be equal to the diameter of the inner circle. 

Given the outer O CFDK. From point E, the 



\ 
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centre of the O, draw radius EF L to the diameter 
CD. Bisect A FED by the radius EB. Draw 
BH II to CD intersecting EF at H. Now Z HBE 
= Z HEB. /. ^^= ^^. With EH as radius 
and -5 as centre, describe a O. Then any chord 
of the larger O, as AB, which is tangent to the 
inner O, will be equal to the diameter of the inner 
O. For, 2 EH = diameter of inner O = 2 HB 
= chord AHB. And all chords equally distant 
from the centre of the O are equal. 

Ex. 2. Given the base of a triangle, the ver- 
tical angle, and the length of the line drawn from 
the vertex to the middle point of the base : con- 
struct the triangle. 

Let iW = base of A required ; N = distance 
of middle point of base to vertex ; and Z 5 = Z 
at vertex. On KB = M describe a segment 
XBB which will contain Z 5 (§ 243). From F, 
the middle point of XB, as a centre, with a radius 
ss N, describe an arc intersecting arc H^J^B at 
X. Draw AX and A::^. The A ATAT^ will be the 
A required. For KB = M (cons.), FX = JV 
(cons.), and Z KXB = Z 5. 

Ex. 3. Given a side of a triangle, its vertical 
angle, and the radius of the circumscribing circle : 
construct the triangle. 
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Let X be the side of the required A, Y the 
radius of the circumscribing O, and Z the verti- 
cal Z. Draw AC = X, and at £, the middle point 
of A C, erect a -L. From ^ as a centre, with a 
radius = Y, describe an arc cutting the _L in j9. 
From D as SL centre, with a radius = Y, describe 
a O. The circumference of the O will pass through 
A and C (§ 59). At A construct an Z = Z Z, 
and produce the side until it meets the circum- 
ference in B. Join BC. A ABC is the A re- 
quired. 

Ex. 4. Given the base, vertical angle, and the 
perpendicular from the extremity of the base to the 
opposite side : construct the triangle. 

Let N be the given base, P the given Z, and 
M the given -L. On AB = J^ construct a seg- 
ment AUB which shall contain the given Z P 
(§ 243). From ^ as a centre, with a radius = M, 
describe a O. Draw BG tangent to this O and 
cutting arc of the segment which contains the given 
Z at G. Join GA. AGB is the A required. 

Ex. 5. Describe a circle cutting the sides of a 
given square, so that its circumference may be di- 
vided at the points of intersection into eight equal 
arcs. 

Let ABCD be the given square. Draw GH 
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and FE _L to the sides AB and BC respectively, 
at their middle points, and let O be the point of 
intersection of GH and FE. Then BGOF is a 
square, and the diagonal BO bisects the rt. Z GOF. 
Bisect A BOF and BOG by the lines OM and OK 
meeting the sides of the square at J/ and AT. From 
C7 as a centre, with a radius = OK^ describe a O. 
It will be the O required. For side OK^ side OM 
(being homologous sides of the equal A OKB and 
OMB)y and Z KOM is ^ a rt. Z, and .*. ^ of 
the angular magnitude about the point O. .'. KM" 
is 1^ of the circumference. In like manner each of 
the other arcs may be shown to be ^ of the circum- 
ference. 

Ex. 6. Construct an angle of 6o^ one of 30"*, 
one of 120*, one of 150*, one of 45**, and one of 

Upon any given line construct an equilateral A ; 
each Z of this A will be an Z of 60^. Bisect one 
of these A and each part will be an Z of 30®. Con- 
struct the equilateral A ABC, and upon AB con- 
struct the equilateral A ADB. Then Z DBC = 
1 20®. Construct rt. Z ABC; on AB construct the 
equilateral A ADB, Z DBC = 150**. Bisect a 
rt. Z and each part will be an Z of 45**. Draw AB 
±to DC. Bisect Z ABC by the hne BE. Z DBE 
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Ex. 7. In a given triangle ^BC, draw QDE 
parallel to the base BC and meeting the sides of 
the triangle at jD and £, so that jD£ shall be equal 
to£>B-\-£C. 

Draw BO and CO bisecting the A B and C, re- 
spectively, and intersecting at O, Through draw 
DE 11 to BC. Then DE is the required line. For, 
in A DBO, Z DOB = Z C>^C (alt.-int. A) ; 
Z DB O =^ ji OB C {cons.) .\ADOB^ADBO, 
/.ADBOis isosceles, and DO^DB. In like 
manner we may prove EO ^ EC .'. DE = DB 
+ EC 

Ex. 8. Given two perpendiculars, AB and CZ?, 
intersecting in O, and a straight line intersecting 
these perpendiculars in E and E; to construct a 
square^ one of whose angles shall coincide with one 
of the right angles at O, and the vertex of the op- 
posite angle of the square shall lie in EE. (Two 
solutions.) 

Bisect Z COB, and produce bisector until it 
intersects EE at X From X draw XP and XV 
JL to AB and CD respectively. Then XYOP 
is the square required. For, in the rt. A OPX, 
Z XOP is J rt. Z (cons.). .*. its complement 
Z 6>X/' is 1 rt. Z. That is, Z XOP = Z (9XP. 
.-. OP =« XP. .•. Xy^?/* is a square. In like 
manner bisect Z BOD^ and produce bisector until 
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it meets EF at M. Draw MN and MS JL to AB 
and CD respectively. Then MNOS is the other 
square required. 

Ex. 9. In a given rhombus to inscribe a square. 

Let ABCD be the given rhombus. Draw the 
diagonals AC and BD intersecting at O, Then the 
A about C7 are rt. -^ (§ 139). Bisect the A at O^ 
and let the bisectors meet the sides AB and CD 
at E and H^ and -4Z? and BC zXG and -^ respec- 
tively. jyT3wEG,GB,I/F,andFE. ThenEGIfF 
is the square required. For, A -^^ C and ADC are 
equal (§ 133) and isosceles (§ 128). .'. A BAC, 
BCA, DAC, DCA are equal. Now A FOG ^ 
A HOC, having OC common, AFOC^A HOC, 
and Z /^C(9 = Z J7Ca .'. C>i^= OH Also, 
A /?'(3C = A AOG\ having C>C= C>^ (§ 138), 
Z /?'(9C = Z ^C>GJ, and Z /'C(9 = Z <9^G:. .-. 
^ir= OG. In like manner d^JE" = OG. That is, 
C?/* O^, OG, OE are equal. Likewise A FOH, 
HOGy GOE, EOF are rt. A (Ex. 6, p. 23). .-. 
A FOH, HOG, GOE, EOF 21^ all equal right 
isosceles A. /. FH, HG, GE, EFzxt equal, and 
A FHG, HGE, GEF, EFH are rt. A (each be- 
ing composed of two halves of a rt. Z). That is, 
EGHF is a square. 

Ex 10. If the base and vertical angle of a tri- 
angle'be given ; find the locus of the vertex. 
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Let BCh^ the base and Mt\\t vertical Z of the 

A. On BC describe a segment BAC that will 
contain the given Z (§ 243). Then from any point 
A in the arc BAC6i2cvrAB and AC. A BAC\y^ 
equal the given Z. .'. arc BAC will be the locus 
required. 

Ex. II. If a ladder, whose foot rests on a hori- 
zontal plane and top against a vertical wall, slip 
down ; find the locus of its middle point. 

Let BA be the position of the ladder when up- 
right, BC when horizontal, and DE in any other 
positiort. Let O^ P, and F be the centre of the 
ladder in these three positions respectively. From 
F draw FM II to CB and meeting BA at M. Since 
CB is ± to AB, FM is ± to AB. And since FM 
bisects DE, it bisects EB (p. 72, Ex. 9). .*. 
A EFM= A BFM (§ 106.) ,\EF= FB, That 
is, in any position the middle point of the ladder is 
at the distance of half the length of the ladder from 

B, .'.arc OFF, described from ^ as a centre 
with a radius = -5(7, is the locus required. 

Page 138. 

Ex. I. Show that the straight line which bisects 
the external vertical angle of an isosceles triangle is 
parallel to the base. 
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Jjtt BAC be an isosceles A having the external- 
vertical Z CBD bisected by the line BE. The 
/ Ci?i? = Zy/ + ZC(§ 105). .•.Z^^C,the 
half pf Z DBC, = Z a .-. BE is y to AC (J 69). 

Ex. 2. A straight line is drawn terminated by 
two parallel straight lines ; through its middle point 
any straight line is drawn and terminated by the 
parallel straight lines. Show that the second straight 
line is bisected at the middle point of the first. 

Let EF be a straight line terminated by the two 
lis ^^ and CD^ and through its middle point O let 
a line be drawn meeting AB at G and CD at H, 
In A EOG and FOH, EO ^ OF (cons.) ; 4 
GEO =« A (Pi^-iy (alt..int. A) ; Z EOG ^AHOF 
(vertical angles). .'. A EOG = AFOH (§ 107). 
.-. GO = HO. 

£x, 3. Show that the angle between the bisector 
of the angle A of the triangle ABC and the per" 
pendicular let fall from ^ on ^C is equal to one- 
half the difference between the angles B and C 

In the A ABC, let ZB he > Z C, and let AJD 
be a JL let fall from A on BC, and AE be the bi- 
sector of Z BA C. Since ADB is sl n, Z, Z B -^ 
Z BAD « a rt. Z. .'. Z i? = rt. Z - Z BAD. 
Likewise, ZC^n,Z^Z CAD. .\ZB— ZC 
= Z CAD - Z BAD. But Z CAB « Z CAE + 
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Z EAD, and Z BAD = Z BAE - Z ^^/?. ,% 
Z CAD ^ /.BAD ^ 2jLEAD. .'.ZB-^Z.C 
=^2ZEAD. .\/£AD=i{/B^4C), 

Ex. 4. In any right triangle show that the straight 
line drawn from the vertex of the right angle to the 
middle of the hypotenuse is equal to one-half the 
hypotenuse. 

Let Z ACB be a rt. A, and CE the line drawn 
from the vertex of the rt, Z C to the middle point 
of the hypotenuse AB. From A draw AD il to 
CB, and from B draw BD II to CA. Then A CBD 
is a rectangle. Draw the diagonal CD, AB and 
CD bisect each other (§138). .\ CE znd CD 
coincide. Now A ADC = A ABC (§ 106). 
.\AACD^ABAC, .'. EA =^ EC (§ 114). 

Ex. 5. Two tangents are drawn to a cfrcle at 
opposite extremities of a diameter, and cut off 
from a third tangent a portion AB. If C be the 
centre of the circle, show that ACB is a right 
angle. 

Let XX' and W be two tangents drawn to the 
G at extremities of diameter MX, cutting off from 
a third tangent AB, From C, the centre of the O, 
draw CJ/ to the point of contact of AB with the O. 
Thert. A^C/l/=rt.A^CZr(§ 109). ,\ZACM 
= Z ACH. Tbert. A C^^= rt. A CHB{%iog). 



aS GEOMETRICAL EXERCISES. 

.\ABCK^A BCH. ,\ jL ACB = J the sum 
of the A about the point C on the same side of the 
Ime MK. .'. Z. ACB is a it. Z. 

Ex. 6. Show that the sum of the three perpen- 
diculars from any point within an equilateral triangle 
to the sides is equal to the altitude of the triangle. 

In the equilateral A ABC, let OF, OH, and OE be 
Js drawn from any point (^within the A, to the sides 
AC, BC, and AB respectively, and let AX be the 
altitude of the A. Through O draw KM II to BC, 
meeting AB zi K, AC at M, and intersecting AX 
atK T>TzyfOP\\X,oBA. Then6>jy = Ky (§ 135). 
Draw MN ± to AK, meeting AK at N, and inter- 
secting OP at S. Now MN ^ AY (being altitudes 
of the equilateral A AKM). OE = SN (§ 135), 
and OF = MS (being altitudes of the equilateral 
A POM). .', OE Jt OF := MN, But MN= AY, 
.'. OE -H OF=i AY; and it has been shown that 
OH = YX. .'. OE + 0F-{- OIf=2 AY-h YX 
=zAX. 

Ex. 8. Show that the angle contained by two 
tangents at the extremities of a chord is twice the 
angle contained by the chord and the diameter 
drawn from either extremity of the chord. 

In the O whose centre is O, draw the tangents 
AB and CB at the extremities of the chord AC, 
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and draw the diameter COD. Join OA, and draw 
OB intersecting AC zX. E. In the rt. A OAB and 
OCB, OB = OB and BA = ^C (§ 241). .'. 
A OAB = A OCB (§ 109). .'. Z ^C>^ = 
Z Cd?^, and Z ^^(9 = Z CBO. Now Z 6>^C 
isrt. Z (§ 113). In rt. A OEC and 6>C^, Z 
^6>C is common. .*. Z ^C(9 = Z ^^C But 
/.EBC^^AABC. .'.AABC^ 2 A ACO. 

Ex. 9. If a circle can be inscribed in a quadri- 
lateral ; show that the sum of two opposite sides of 
the quadrilateral is equal to the sum of the other 
two sides. 

Let ABCD be a quadrilateral, and let the O in- 
scribed touch the sides at E^ F^ G, and H respect- 
ively. Then AH + HD -f BF -h FC = AE + 
I>G -i-EB + CG (§ 241), or AD + BC =: AB 
-f- Z>C. 

Ex. 10. If the sum of two opposite sides of a 
quadrilateral be equal to the sum of the other two 
sides ; show that a circle can be inscribed in the 
quadrilateral. 

In the quadrilateral AB CD, let AB + DC— DA 
+ CB, Bisect ADCB and ABC. Let these bi- 
sectors meet at some point O. Since O is in the 
bisectors of the A DCB and ABC, it is equidistant 
firom DC, CB, and BA. .\ a O described from O 
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as a centre, with a radius equal to the distance from 
O to the side BA, will be tangent to the three 
sides DC, CB, and BA. If it be not tangent to 
AD, draw AE tangent to the O. Then AE + CB 
^AB-^CE (Ex. 9). But AD-^ CB^AB-^ 
CD, By subtraction AE — ^i? =5 DE \ that is, 
one side of a A is equal to the difference of the 
other two sides, which is absurd (§97). •'• the O 
is tangent to the side AD. 



Page 149. 

Ex. Show that, if three or more non-parallcl 
straight lines divide two parallels proportionally, they 
pass through a common point 

Let AA\ Bff CC\ DU divjdc the parallel lines 

AD and A'D proportionally, so that ^^^ = 4r-. = 

CD 

. Let AA* and BB* meet in some point O, 

Join OC and produce OC until it cuts AD at 
some point H. ThenJ^,=^,(§ 288). But 

BC AB f.^. . BC BH . «^_ 
WC^^~A!B^^^^^' "Wc'^^^ffC'' '•^^" 
BC, /. H coincides with C .'. CC passes 

through 0. In lite vMmsit DD^ is shown Co p«3 
through <?» 
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Page 159. 

Ex. I. If any two straight lines be cut by par- 
allel lines, show that the corresponding segments 
are proportional. 

I. When the two straight lines AD and HG are II. 
Then the corresponding segments -^C and EF^ CD 
and /^(? are equal (§ 135). .\BC\ CD\\EF\FG. 

II. When AD and HG are not II. They will, 
when produced, meet at some point O. Then 

OCiOF'.'.BCiEFi'.CD'.FG {%2^s)' -'-BCi 
CD\\EF\FG. 

Ex. 2. If the four sides of any quadrilateral be 
bisected, show that the lines joining the points of 
bisection will form a parallelogram. 

Let ABCD be any quadrilateral, and jff, F^ Hy K 
the middle points of the sides. Join EF^ FHy HKy 
and KEy and draw the diagonals AC and BD, In 
the A ABDy AE = EB and AK = KD (hyp.). 
.-. EK is II to BD (§ 275). In A BCD^ BF = 
FC and DH ^ BC. .'. FBis II to BD, and .'. 11 
to EJ^, In like manner we may prove EF 11 to 
BJC. .\EFHK\%2.0, 

Ex. 3. Two circles intersect ; the line AHKB 
joining theu: centre? A, By meets them in H, K. 
On AB is described an equilateral triangle ABC, 
whose sides BC, AC, intersect the circles in /", ^. 
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FE produced meets BA produced in P. Shov 
that as /l^ is to /'AT so is C7^ to CE, and so also is 
PHXoPB. 

Join EK and HF, also draw HM and AO I to 
^C. Since A ABC is equilateral, ZA is § of a 
rt. Z ; and since A AEX is isosceles {AE and -4^ 
being radii), Z ^ATJ? = J rt. Z. .'. A ^ATJ? is 
equilateral. Also, Z ^AT^ =zZ B,.\ KE is II to 
^C In like manner A BFH is equilateral. .'. 
Z ^ZTi?' = Z BAC. .'. HF is II to AC. Now in 
the similar ^ PAO zxA PKE (similar by § 285), 
PA : PK\ : AO : ^J? ; or (since AE = -^^, being 
sides of equilateral A AEK^ PA : PK \\A0\ AE. 
Again, in the similar A ECFzrA EA O (similar since 
Z CEF = vertical Z AEO, and Z ^/"C = alt.-int. 
Z iJd?^), AOiAEiiCFiCE. .'. PAxPK-. 
CF\ CE. 

In the similar A /»^J/ and /'^i^, PHiPBii 
HM: BF\ or (since HF = ^T?" being sides of the 
equilateral A HBF) PHiPBii HM\ HF. Again 
in the similar A HMF and ^C7^ (similar since 
Z il/iy/?' = Z C (§ 77), and Z HMF ^ alt.-int Z 
EFC),HM:HF:iCF'.CE. .\PH:PB::CFi 
CE. .\PAiPK: ; /'iY : PB. 

Page 163. 

Ex. If two circles are tangent internally, show 
that chords of the greater, drawn from the point of 
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tangency, are divided proportionally by the circum- 
ference of the less. 

Let the two © be tangent to each other at B^ and 
let the chords BC and BA intersect the smaller cir- 
cumference at E and D respectively. From B draw 
^^ through the centre of the greater 0, intersecting 
the smaller circumference at G, Join EG^ GD, 
CHy HA, BH passes through the centre of the 
smaller O (§ 189). A BEG, BCH, BDG, 
and BAH are all rt.^ (being inscribed in semi- 
circles), .'. EG is II to CH, and DG is II to 

AHiS,^). .••|f=(||)=^(§^75). n>at 

is, the chords BC and BA are divided at E and D 
proportionally. 

Page 164. 

Note. — A common tangent is exterior when it touches the 
circles on the same side of a line joining their centres. A com- 
mon tangent is interior when it intersects the line joining their 
centres between the two circles. 

Ex. To draw a common tangent to two given 
circles : 

I. When the common tangent is exterior. 
II. When the common tangent is interior. 

I. Let O and O* be the centres of the given 
O, and let the radius of the first be the greater. 
With the centre O and a radius OC ^ the dif- 
ference of the given radii, describe a circumfer- 
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cnce. From O draw a tangent OC to this cir- 
cumference (§ 240). Join OC^ and produce it to 
meet the given circumference at A, Draw O^A II 
to OAy meeting the circumference in A\ and join 
AA\ AA^ is the common tangent to the two 
given (D. For OC ^ OA -^ CA' (cons.), and 
OC=z OA - CA. .'. CA = CA'. .'. ACC^A' 
is a O (§ 136). But Z oca is a rt. Z (§ 187), 
/. its supplement ACff is a rt. Z, ,'. OC&A' is 
a rectangle. /. /k A and A' are rt. ^, .'. AA* is a 
tangent to both ®. In like manner another exte- 
rior tangent Bff can be drawn. 

II. With a centre O and a radius ^C = to the 
sum of the given radii, describe a circumference ; 
and from (/ draw a tangent ffC Xo this circumfer- 
ence (§ 240). Join OC intersecting the given cir- 
cumference at A. Draw ffA' 11 to CO, meeting 
the circumference at A\ and join AA\ Now 
since OC^OA + CA', AC=^ CA'. .\ A CCA' 
is a O (§ 136). Since Z CAA' is a rt. Z,ACO'A' 
i^ rectangle. .'. A A and A' are rt. A. .'. AA' is 
a tangent to both the given ®. In like manner an- 
other interior tangent BB' can be drawn. 

ScHOUUM. — If the given CD intersect each other, 
only exterior tangents can be drawn. If they are 
tangent to each other externally, two exterior tan* 
gents are possible, but only one interior commpa 
tgi^gent can be dx^rnn. If th^y 9ie i^f^gfi^t iol^* 
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nally, only pne i?}fterior commpn tai^gent can be 
drawn, and the interior compion tangents are impos- 
sible. If one circle is wholly within the other they 
can have no common tangent. 

Page 171. 

Ex. I. To divide a given line harmonically in a 
given ratio. 

Let AB be the given line, and m : n the given 
ratio. Upon the indefinite line AX take AE = w. 
On EX take EF = «, and on EA take EH = n. 
Join FB and HBy and draw EC \ Xo FB ipeeting 
AB at C Also from E draw a line II to HB meet- 
ing AB produced at D, Then -— - = -— -, and --^ 
N® ^ FE BC he 

^D .- ^^v J. .AE AE m . ^C 

^—(§.75). ^-^^-j^--- •••:^= 

•^~- . .*. ^^ is divided harmonically at C and D 
BD 

in the given ratio. 

Ex. 2* To find the locns of all the ppint? whose 
distances from two given points are in a given xatig, 

Lct^ and B be the given points, and let the 
given ratio be f^ : «. Suppose Z' to be a point pf 
the required locus. Divide AB internally at C, and 



36 GEOMETRICAL EXERCISES. 

,.^. PA m CA DA e- CA 
condition, -—- = — = --- = -—-. Since -— -- := 

PB n CB DB CB 

PA 

^, PC is the bisector of A 4^B (§ 309). From 

PB 

B draw a line II to Z^/* intersecting APsX F. Then 
DAiDBiiPAiPF {% 275). ^\jXDA:DBiz 
PA : PB (hyp.) . /. PB =z PP. Hence /. PBF = 
Z PFB (§ 112). Now A PBF = Z. BPD (alt- 
int. ^), and Z PFB = Z DPE (ext.-int. A). .\ 
A BPD = A DPE, .-. PD bisects Z BPE. The 
two bisectors -PC and PD are JL to each other, /. 
jP is a point on the circumference having CD for a 
diameter. .*. this circumference is the locus re- 
quired. 

Page 173. 

Ex. I. ABC is a triangle inscribed in a O, and 
BD is drawn to meet the tangent to the circle at A 
in D, at an angle ABD equal to the angle ABC \ 
show that ^Cis a fourth proportional to the lines 
BD, AD, AB. 

In the A ABC and ABD, A ABC = Z ABD 
(cons.), and A C ^ A DAB (each being meas- 
ured by J arc AB^, .-. A ABC and ABD are 
similar (§ 280). .-. BD : ^Z> ::AB:AC. 

Ex. 2. Show that either of the sides of an isos- 
celes triangle is a mean proportional between the 
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base and the half of the segment of the base, pro- 
duced if necessary, which is cut off by a straight line 
drawn from the vertex at right angles to one of the. 
equal sides. 

Let ABC be an isosceles A. From A draw a 
line JL to BA to meet BC produced at D. Bisect 
BD at E. Join AE. Then AE^^BD^BE 
(Ex. 4, p. 138). .'. A EAB is isosceles. .'. Z 
EAB = Z i?. But A ACB ^ A B (hyp.). .-. 
A EAB and ABC are similar (§ 280). /. BCi 
BAwBAx BE, 

Ex. 3. AB is the diameter of a circle, D any 
point in the circumference, and C the middle point 
of the arc AD, If AC^ AD, BC he joined, and 
AD cut BC in E, show that the circle circumscribed 
about the triangle AEB will touch chord AC, and 
its diameter will be a third proportional to BC and 
AB. 

Let AE be the diameter of the O circumscribed 
about the A AEB. Join EB. Z CAD is meas- 
ured by i arc CD. Z. ABC is measured by J arc 
AC. Since the arcs CD and -4 C are equal (hyp.), 
Z CAD = ZABC. But Z ^^C is also measured 
by ^ arc AE, .'. Z CAD is measured by ^ arc AE. 
Now A ABE and ACB are rt. A (inscribed in 
semicircles) , and Z E \s measured by ^ arc AEB. 
Also Z CAB, which is equal to Z CAE + Z i?^^, 
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is measured by i (arc JSA + arc JSB). /. Z CAB 
^ ZF. .-. A ^^C and ABF are similar (§ 281) . 
But Z BAF is the complement of Z F. :, Z CAB 
+ Z ^^/^ = rt. Z. Hence C^ being Jl to the 
diameter -^/^ at A, is tangent to the O AEB. Also, 
in the similar A ^^C and ABF, BC :AB::AB: 
AF; that is, AF is the third proportional to BC 
and -r^^. 

Ex. 4. From the obtuse angle of a triangle 
draw a line to the base, which shall be a mean pro- 
portional betifv'een the segments into which it divides 
the base. 

Let B be the obtuse Z of the A ABC. Circum- 
scribe a O about the A ABC, and draw the diame- 
ter B£ passing through the centre D of the O. On 
BZ> as a diameter describe a semicircle intersecting 
AC zX K, Draw BK, and produce it to meet the 
circumference at H, BK is the line required. For, 
join DK and EH. TTien Z BKD = Z BHE (each 
being inscribed in a semicircle), .*. KD is U to 
HE. :.BK\KH\\BD\DE. ^mctBD^DE, 
BK = KH. Moreover, AK\BK\\ KH\ KC 
(§ 290). Substitute for KH its equal BK\ then 
AK'.BK.xBK'.KC. 

Ex. 5. Find the point in the base produced of 
a right triangle, from which the line drawn to the 
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angle opposite to the base shall have the same ratio 
to the base produced which the perpendicular has 
to the base itself. 

Let ABC be a rt. A, CB its base, and CA its al- 
titude. From C as a centre, with a radius = CA, 
describe an arc cutting AB at D, and draw CD, 
From A draw a line II to Z?C meeting BC pro- 
duced at E. Then EA\£B.\CD\CB (§ 275). 
Substitute for CD its «qual AC^ and we have 
MA\EB\\CA\CB, 

Ex. 6. A line touching two circles cuts another 
line joining their centres ; show that the segments 
of the latter will be to each pther as the diameters 
of the circles. 

Let BA be the line joining the centres of the 
two ©, and CD the line touching the (D at C and 
D respectively and intersecting the line AB at E, 
Join ^C and AD. In the rt. A ^C^ and EDA, 
/. CEB = Z AED\ .'. A QEB and AED are 
similar (§ 281), .'. EB \EA 11 BC : AD, or,: \ 2 
BC\2AD. 

Ex. 7. Required the locus of the middle points 
of all the chords of a circle which pass through a 
fixed point. 

Let A be the centre of the given O and B the 
fixed point. Let any chord of the first O be drawn. 
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SO that, produced if necessary, it may pass through 
B. Let P be the middle point of this chord. Then 
/'is a point of the required locus. Join AP. AP 
is i- to the chord of which P is the middle point 
(§ 184). .'. -Pis on the circumference of a O de- 
scribed on AB as a diameter. If ^ be within the 
given O, the locus is the circumference of the O 
described on AB as a diameter. If B be without 
the given O, the locus is that part of the circumfer- 
ence of the O described on AB as a diameter 
which is within the given O. 

Ex. 8. t? is a fixed point from which any straight 
line is drawn meeting a fixed straight line at P\ in 
OP a point Q is taken such that OQ\&X.o OPm a 
fixed ratio. Determine the locus of Q. 

From O draw a line -L to the fixed straight line 
and meeting it at C In OC take a point D, such 
that 0I> :0C = the given ratio. Join QD. Then 
A ODQ 3.nd OCPaie sixmiai (§284). .'.ZODQ 
= Z OCP. .-. Z OI>Q is a rt. Z. Hence a 
straight line drawn through DJL to OD is the locus 
required. 

Ex. 9. t? is a fixed point from which any straight 
line is drawn meeting the circumference of a fixed 
circle at P\ in OP a point Q is taken such that 
^^ is to OP in a fixed ratio. Determine the locus 

of C. 
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Let C be the centre of the fixed O. Join OC, 
and in OC take a point D such that 0Z> : 0C = 
the fixed ratio. Join CP and DQ. Then AOCP 
and OI>Q are similar (§ 277). .*. Z>Q : CP: : 6>Z> : 
6>C. That is DQ:CP= the fixed ratio. Since 
CP is a radius of the given O, CP is constant; .'. 
Z>Q is constant. Hence the circumference of a O 
of which Z> is the centre and DQ the radius is the 
locus required. 

Page 205. 

Ex. I. Given x = y/s, y = -v/?* « = « V3 i *^ 
construct ^, j^, and z. 
Construct as in § 360. 

Ex. 2. Given 2:^1:^:3. 

.'. ^ = -v/5. Construct as in § 360. 

Ex. 3. Construct a square equivalent to a given 
hexagon. 

Reduce the hexagon to a A (§ 351), and find a 
mean proportional between the altitude and one- 
half the base (§ 306). On this mean proportional 
as a side, construct a square. This will be the 
square required. 

Page 207. 

Ex. I. Construct a square equivalent to the sum 
of three given squares whose sides are respectively 
2, 3, and 5. 



4a GEOMETRICAL EXERCtSEd. 

Take line m as the linear unit. On indefinite 
line AKy take AB = 5 w. At -^ erect a ± -4C = 
3 «. Join CB. At C erect C£>= 2 m ±to CB. 
Join Z>^. On DB construct a square. This will 
be the square required. 

Ex. 2. Construct a square equivalent to the dif- 
ference of two given squares whose sides are res- 
pectively 7 and 3. 

Take line m as the linear unit. On indefinite 
line AK take AB = 3 »». k\, A erect a ± to AB. 
From ^ as a centre, with a radius ^=1 1 m, describe 
an arc intersecting the ± at C ^ C is a side of the 
square required. 

Ex. 3. Construct a square equivalent to the 
sum of a giv^ triangle and a given parallelogram. 

Let /'be the given A, and Q the given O. Find 
a square P^<i^ A P, by taking for its side a mean 
proportional between the base and one-half the al- 
titude of the A (§ 306). Also find a square ^'=c= 
to the given O (§ 354). Then fin^ a square S^ 
=c= to the sum of the squares P' and Q (§ 346). 
S' is the square required. 

Ex. 4. Construct a rectangle having the differ- 
ence of its base and altitude equal to a given line, 
and its area equivalent to the sum of a given tri- 
angle a&d A given pentagoa. 
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Let a be the given line, A the given A, B 
the given pentagon. Construct a square =0= to 
A (§ 355), and let X be one of its sides. Also 
construct a square =c= to ^ (§ 356), and let Y be 
one of its sides. Construct a square =0= to the 
sum of the squares on X and y (§ 346), and let Z 
be one of its sides. Take MN^ a. On MN as a 
diameter describe a O. From M draw MS tan- 
gent to the O and = Z. Through the centre of the 
O draw SB intersecting the circumference at Cand 
B, Construct the rectangle R, having SB. (or its 
base and SC for its altitude. R is the rectangle 
required (§ 359). 

Ex. 5. Given a hexagon ; to construct a similar 
hexagon whose area shall be to that of the given 
hexagon as 3 to 2. 

Let P be the given hexagon ; and let m be the 
linear unit of measure. On the indefinite line ZR, 
take ZM= m, ZN= 3 m, 3.nd ZO = 4 »i. On ZN 
andZO as diameters, describe semi-circumferences. 
At McTQct -L il/'A' intersecting the circumferences at 
HzndK. ThenJ/jy= V2andJ/^= V3(§36o). 
Draw MS making any convenient Z with ZR, On 
MS take ME = AB, a side of the given hexagon. 
Join HE, and draw KD II to HE. On MD, ho- 
mologous to AB, construct a polygon /^ similar to 
P. i^ is the hexagon required (§ 362). 
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Ex. 6. Construct a pentagon similar to a given 
pentagon and equivalent to a given trapezoid. 

Let P be the given pentagon and Q the given 
trapezoid, and AB a side of the pentagon P. Find 
a square =c= -P (§ 356), and let x be one of its 
sides. Also find a square =0= Q^ and let j^ be one 
of its sides. Then find a fourth proportional to x^ y 
and AB (§ 304), and let the fourth proportional 
be A^B\ Upon A^ff^ homologous to AB^ con- 
struct polygon P* similar to given polygon P. P^ 
is the polygon required (§ 361). 

Page 209. 

Ex. I. The perpendicular distance between two 
parallels is 30, and a line is drawn across them at 
an angle of 45**; what is its length between the 
parallels ? 

Ans, 42.4+. 

Ex. 2. Given an equilateral triangle each of 
whose sides is 20 ; find the altitude of the triangle, 
and its area. 

Ans, Alt. 17.32+; area, 173.2+. 

Ex. 3. Given the angle A of a. triangle equal to 
f of a right angle, the angle B equal to ^ of a right 
angle, and the side a, opposite the angle A, equal 
to 10 ; construct the triangle. 



GEOMETRICAL EXERCISES. 45 

ZA + ZB=:Tt,Z. .'. the third Z of the A 
C = rt. Z. Let line m be the unit of measure. Lay 
off indefinite line CH^. At C erect the J- CB = 
10 m. KtB construct an Z = ^ rt. Z, and produce 
the side to meet CK at A, A CB is the A required. 

Ex. 4. The two segments of a chord inter- 
sected by another chord are 6 and 5, and one seg- 
ment of the other chord is 3 ; what is the other 
segment of the latter chord ? 

Let AC and DB be the two chords intersecting 
at K. Given DK= 5, and KB = 6, and AK^ 3, 
it is required to find the value of KC, AK : KB : : 
DK\KC (^%2<)0), .-.3^(7=30. .'.KC^io. 

Ex. 5. If a circle be inscribed in a right tri- 
angle : show that the difference between the sum 
of the two sides containing the right angle and the 
hypotenuse is equal to the diameter of the circle. 

Let ABC be the given rt. A having a O inscribed 
within it. From K^ the centre of the O, draw KD 
JL to the hypotenuse AB^ KH 1. to the base ACy 
and KE ± to BC Then AD = AH and BD = 
BE (§ 241). Now {AC -{- BC)- AB == EC + 
CH. But ^C -h CJy = HK + KE, For KECH 
is a square, all its A being rt. A^ and all its sides be- 
ing equal. But KH •\- KE = diameter of the G ; 
.-. (^C + BC) — ABz= diameter of the G. 
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Ex. 6, Construct a. parallelogram the area and 
perimeter of which shall be respectively equal to 
the area and perimeter of a given triangle, 

l^t A'B'C be the given A. Construct a CJ 
DEB A =csto the the given A A'&C, by finding a 
square ^o= to the given A (§ 355), and then con- 
structing a D =0= to this square. Draw the line 
jf y= the perimeter of the given A. Take MS = 
AB.haseoiO DEBA. Hiaw MJi-± to MS at M", 
and = altitude of CD DEB A. Draw FN II to MS. 
On XY take XL=% MS. Then L Y will be the 
sum of two sides of the required O, From M as 
a centre, with a radius =^\ LY, draw an arc inter- 
secting FI^ at O ; and from 5 as a centre, with the 
same ladius, draw an arc intersecting FN at N. 
Join MO and SN. Then MONS is the O re- 
quired. For, it is 5C= □ DEBA (having an equal 
base and altitude) and hence =z^ to the given A ; 
and its perimeter is equal to line XKwhich is equal 
to the perimeter of the A. 

Ex. 7. Given the difference between the diagonal 
and side of a square ; construct the square. 

Let « be the given difference. Draw DE = m, 
fna at £ draw EF X to DE and equal to it. 
fhrongh n and F draw DFC, making FC = EF. 
duc./'^^* ^^ -L « -DC and meeting DE pro- 
«"ced at £. si^^ ^ ^£ ^ ^EF is an 
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isosceles rt. A. .*. Z EDF is one-half a rt. Z. 
Since Z DCB is a rt. Z, and Z EDC is one-half a 
rt. Z, Z C^Z> is one-half a rt. Z. /. CB = CZ? 
(§ 114). Complete the square BADC. Draw 
BF. In the A ^/^^ and FBC, Z E = /. C 
(each being a rt. Z), FB is common, and EF ^ 
FC (cons.). .'. A EFB = A /^5C. .'. EB = 
^C. .-. />-£■ = DB -- ^C. .-. BADC is the 
square required. 

Page 217. 

Ex. I. Show that two triangles which have an 
angle of the one equal to the supplement of the angle 
of the other are to each other as the products of the 
sides including the supplementary angles. 

Let A ^^C and CDE have AACB and DCE 
supplements of each other. Place these A so that 
their bases may lie in the same straight line, and 
CD lie on the side CB. From D draw a line II to 

A FCD ^ FC 
A CDE CE 



BA, meeting AC at F, Then 



(§3^6). Multiply g by ^. Then f|^ 

^FCjkCD p AACB ^ ACx CB .^ v 
CExCD' ^ AFCD FC X CD ^ ^^^^' 

AACB 



Multiply these last two equalities: ^^ 

^^ ^ ' A CDE 

ACxCB 

C£xCD> 
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Ex. 2. Show, geometrically, that the square de- 
scribed upon the sum of two straight lines is equiv- 
alent to the sum of the squares described upon the 
two lines plus twice their rectangle. 

Let AB and ^C be any two lines, and AC their 
sum. On A C describe the square A CDE, On AE 
take AF = AB^ and from F draw a line II to ^^ 
meeting CD at X. From B draw a line II to AE 
meeting ED at H and intersecting FX at AT. 
ABKF is a square described upon AB, Since AF 
= AB (cons.), KXDH is equal to the square on 
BC. For, KX^ BC and DX = -ffi^ (lis com- 
prehended between lis). But EF=BC, since 
each is the difference between the side of the 
square EC and the side of the square FB. Now, 
since FK and KB are each equal to AB, and KX 
and KH are each equal to BC, the rectangles FH 
and Arc are each equal to AB X BC. .'. square 
on AC ^c^ square on AB + square on ^C -h twice 
the rectangle AB x BC. 

Ex. 3. Show, geometrically, that the square de- 
scribed upon the difference of two straight lines is 
equivalent to the sum of the squares described upon 
the two lines minus twice their rectangle. 

Let AB and BCh^ any two lines, and AC their 
difference. On AB describe the square ABKF, 
and upon AF, takp AE ^ AC. From Cdraw CG 
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II to BK, meeting FK at G. Through E draw a 
line II to AB intersecting CG at D, and meeting 
BK at H. Produce HE to /, making EI = CB, 
Now AB = ^jp and AC = ^-fi", /. (7.5 = EF. 
Complete the square EFLL GK = CB ^ LF. 
.\GL = FK = AB, .-. rectangles CBKG and 
GLID are each equal to AB X BC. If these two 
rectangles be taken from the whole figure ABKLIE, 
which is equal to the sum of the squares on AB 
and BCy there will be left the square ACDE, 

Ex. 4. Show, geometrically, that the rectangle 
of the sum and difference of two straight lines is 
equivalent to the difference of the squares on those 
lines. 

Let AB be the greater of two lines and A C the 
less. On AB describe the square ABDE ; and on 
^C describe the square A CJ^E'. Vroduce E'D* 
to meet BD at F. Now the difference of the 
squares on AB and AC is the two rectangles EF 
and FC, The base of the rectangle EF is ED = 
AB ; and the base of the rectangle AC is J^C = 
AC. .'. the sum of the two bases is AB -{- AC, 
and the common altitude is CB = AB — AC, .'. 
AB^-AU^^^AB + AC) {AB - AC). 
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Page 223. 

Ex. X. Show that an equilateral polygon circum- 
scribed about a circle is regular if the number of its 
sides be odd. 

Let the sides of the circumscribed equilateral 
polygon ABCDE touch the circumference at S^ 
Ky My Ny and P. From the centre O draw OC^ 
ODy OEy and OKy OMy ON, OP. OM, ON, and 
OP are X to the sides of the polygon (§ 187). 
Rt. A OMD = rt. A OND (§ 109). In Uke 
manner, rt, A OCM = rt. A OCKy and rt. A OEN 
= rt. A OER .-. Z ODM = Z ODNy and Z 
OCN = Z OCKy and Z (?^iV = Z OEP. Re- 
volve A ^j9^ upon OD as an axis until it comes 
into the plane of A ODC. Then DE will fall on 
DCy and point E will fall on C (since 2?^ = Z>C, 
the polygon being equilateral). .*. Z OED = Z 
6>CZ>. .-. Z ^ (= 2 Z OED) = Z C (= 2 Z 
OCD). In like manner we may prove the other 
A of the polygon equal, .'.the polygon is regular. 

Ex. 2. Show that an equiangular polygon in- 
scribed in a circle is regular if the number of its 
sides be odd^ 

Let ABCDE be an inscribed equiangular polygon 
of an odd number of sides. From the centre of the 
O draw the radii OAy OBy etc., and also draw Oay 



GEOMETRICAL EXERCISCST. 51 

Od^ etc., JL to the sides of the polygon. Upon Oa 
as an axis revolve the quadrilateral OaAE until it 
comes into the plane of the quadrilateral OaBC* 
Since Oa is perpendicular to the chord AB, aA = 
aB^ and the point A will fall upon the point B. 
And, since /L A ■=^ A By A£ will fall upon BC* 
Since point £ falls in the line BC, and at the same 
time in arc BCD^ it will fall at their point of inter- 
section C .'. AE =z BC. In like manner we 
may show AB = CD, BC = BE, CD =s EA^ 
DE = AB. .', the polygon is regular. 

Ex. 3. Show that any equiangular polygon cir« 
cumscribed about a circle is regular. 

Let ABC, etc., be an equiangular polygon cir- 
tumscribed about a O. From the centre O draw 
OBf OC, etc., to the vertices of the polygon ; and 
draw OD, OE, etc., to the points of tangency. 
Rt. A DOB = rt. A EOB (§ 109). .'. Z DBO 
= Z EBO and BD = BE. In like manner we 
may show that OC bisects Z C. In rt. A BEO 
and CEO, Z ^^(7 = Z ^C(7, and ^(9 is com- 
mon. .\ABEO=: A CEO {§ 111). .\BE = 
EC. .-. BD + DA = BE-{- EC, or BA = -^C. 
That is, the polygon is equilateral and regular. 

Ex. 4. Show that the side of a circumscribed 
equilateral triangle is double the side of an inscribed 
equilateral triangle. 
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Let ABC be an equilateral inscribed A, and 
through the points A, B, and C draw I>Ey DH, 
and EH tangents to the O, and intersecting at £>, 
E, and H. Z DBA is an Z of 6o% being meas- 
ured J arc BA, which is J of the circumference 
(§ 209). Z. DAB is an Z of 6o* (for the same 
reason). .-, Z BDA = 60^ (§ 98). .'• A Z>BA 
is equiangular, and hence equilateral, .•. Z>A = 
BA. In like manner we may prove EA = CA, 
.\ DE^ 2 AB. 

Ex. 5. Show that the area of a regular inscribed 
hexagon is three-fourths of that of the regular cir- 
cumscribed hexagon. 

Let O be the centre of the O, HH^ a side of the 
regular inscribed hexagon. Join Olf, and draw OC 
X to UK. OC bisects UK (§ 183). Now the 
circumscribed hexagon is to the inscribed hexagon, 
as ^^is to 7JZ^ (§ 344). ^^= OIf{§ 391). 
.\IlC{^iIlK)=iOJI. ButC^=0^ + 

:j^(§ 331)= c^ + (J any = vc*+ i cm\ 

.-. f OJI = OC*. .'. the regular inscribed hexagon 
is equal to J of the regular circumscribed hexagon. 

Ex. 6. Show that the area of a regular inscribed 
Hexagon is a mean proportional between the areas 
2^el^ ^d circumscribed equilateral tri- 
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Let ABCDEF be a regular inscribed hexagon, 
and let BDF be the inscribed A, and HGK be 
the regular circumscribed A, touching the cir- 
cumference at By D, and F, From the centre O 
draw OBy OD, and OF. In A SAB and BOF, 
FA = FOy BA =s BOy and FB is common ; .'. 
A BAF= A BOF {§ io8). In like manner, 
A BOB = A BCD, and A FOD = A FFV. /. 
area of hexagon is twice area of A BDF. Since 
a side of the circumscribed equilateral A is twice 
the side of an inscribed equilateral A (Ex. 4), the 
area of the circumscribed A is four times the area 
of the inscribed A (§ 343). Hence, if we denote 
the area of the inscribed A by i, the area of the 
regular inscribed hexagon will be 2, and of the cir- 
cumscribed A will be 4, and they will give the pro- 
portion 1 : 2 : : 2 : 4. 

Ex. 7. Show that the area of a regular inscribed 
octagon is equal to that of a rectangle whose adja- 
cent sides are equal to the sides of the inscribed 
and circumscribed squares. 

Let ABCD be the circumscribed square, EFGH 
the inscribed square, and EJFKGLHI the regular 
inscribed octagon. Through M, the centre of the O, 
draw the diameters HFy EG, LJ, and IK, and let 
LJ intersect EF^X, O. The AJMF^ \ area of 
octagon. EF is X to JM\ for / and J/ are at 
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equal distances from E and F; and OF = £0 
(S 60). M/y.OF= i{EFy.AB). For .*//■ = 
i AB, and OF = f, EF, Now A JMF has the 
same base/J/, and the same altitude OF, as rect- 
angle jW/xO^, .-.Ayjf^a. J rectangle j«/x 
OF. .-. HAJ1IIF-)-^{m;%OF). .-.octa- 
gon EJF, etc., = rectangle EFy. AB. 

Ex. S. Show that the area of a regular inscribed 
dodecagon is equal to three times the square on the 

Let ABCn, etc., be a regular uiscribed dodeca- 
gon, and G the centre of the O. Draw GA, GS, 
eC, and join ^C intersecting G5 at .K Since CJ=-' 
bisects the ^ at the vertex of the isosceles A XGC, 
ills X to ^C at its middle pomt (S tt3). Now 
«e.ofAC.4C_^^xG^(5 3a,) ; and are. of 
_/>■""■*■''■ •■■"'3of1>=figoieG-4.S<7 
7,0^" *'^' ^^ "^ "' ""^ dodecagon _ 6 
G^JC, and .-._ 6 (^^xi!C). Since^Cisone 
ode of a regular mscribed hexagon, it is equal to 
the radius of the O. .-.AF^^ the radius = J 
£&. Hence area of the dodecagon = f,(XBG 
X .«G) a 3J(?. 

Ex. 9. Given the dinmeter of a cirde 50 ; find 
the area of the cirde. Also, arf the «ea <tf » 
»«"<*8o"ofthiscirdr^ «»<»» 
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Area of the O = ;r ^* = 1963.5. The area of 

the sector of 80** = , or f of the O « 436.3+. 

360 



Ex. 10. Three equal circles touch each other 
externally and thus inclose one acre of ground ; find 
the radius in rods of each of these circles. 

Let R represent the radius of the equal ©. Join 
the three centres, thus forming A ABC, The lines 
joining the centres will pass through the points of 
contact (§ 189), and, hence, each side of the A = 
2 R'y .*. the triangle is equilateral and incloses the 
given area and three equal sectors. Since the Z of 
each sector = ^ 2 rt. /4, the three sectors together 
= a semicircle. The area of the semicircle is 

^ — , .'. the area of the A = 1- 160. But the 

2 2 

area of the A also equals 7? x by the altitude, which 

is^VS- .-.^2^ = ^+160. .\R\2^^t:) 

2 

= 320; or, R^=i — -. ^^^ -=992.24. .\R= 

2V3— 3Mi6 

31-48+. 

Ex. II. Show that in two circles of different 
radii, angles at the centres subtended by arcs of 
equal length are to each other inversely as the radii 

Let A and ^ be the two an^es, ^ and ^ the 
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corresponding arcs, R and H? the radii of the cor- 
responding ©. Then --- = and --- = . 

360 2'j:R 360 ZTzR' 

(§§ 20a and 376). .-. -—:—- = -: — , 

360 360 z -K R 2TCR^ 

otA:A' = ^:-^. But ^ = ^' (hyp.)- -'^lA' 
= R:R'. 



Ex. 1 2. Show that the square on the side of a 
regular inscribed pentagon, minus the square on the 
side of a regular inscribed decagon, is equal to the 
square on the radius. 

Let AJB and ^C be the sides of a regular penta- 
gon and decagon inscribed in a O whose centre is 
O. Join OA, OB, OC,jBC. Draw 0£> bisecting 
ZAOC, and meeting AB at £>, and join I> C Now 
A AOD = A COD (having OA = OC, OD iioxxxr 
mon,aiidZAOD = ZCOD). .'.£>A = DCand 
A ADC is isosceles. But AACB is isosceles, and 
has one of its equal A, namely, BA C, in common 
mthAADC; .'.A ACB and ADC are similar. 
Again, Z AOB = ^ rt. Z. .'. Z DBO = f rt. Z, 
and Z DOB = Z DOC + Z C6^^ = ^ rt. Z. .-. 
A BDO is^isosceles, and similar to A AOB. In 
the similar A, A CB and ADC, we have ^4-5 \AC\\ 

ACiAD', thatis,3?r^ = AB x AD; and in the 
sia^lax A, AOB and BDO, AB : OB::OB:BD; 
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that is,'DB* ^ AB X BD ; r.AV^ + 'DB^^AB 
X (AD + BD) = Z5'. /.Z5' - 'AC'^ =^5l 

Page 233. 

Ex. Let R denote the radius of a regular in- 
scribed polygon, r the apothegm, a one side, A one 
angle, and C the angle at the centre ; show that 

1. In a regular inscribed triangle a ^ R ^^ 
r=iR,A==6o'*, C = I20^ 

Let AD£ be a regular inscribed A. Since the 
A is regular, it is equilateral and equiangular. .'. 
Z -^ is ^ of 2 Tt» A, or 60®. 

Since AD is a chord of ^ of the circumference, 
Z A CD is measured by -J of the circumference, 
.'.Z C = 120**. 

Draw CC? -L to AD, and produce it to meet the 
circumference at M. Join AM and MD, Then 
AM is a side of a regular inscribed hexagon. .*. 
AM = ^C. .-. the rt. A AOM = rt. A AOC 
(§109). .'.CO^OM. .'.CO^^R. ButC(9 
= r, .-. r= ^R. 

In the rt. A AOC, AD^= 17:*-- UT^ = AT* 

-iA7:\ .'.AD'^^i'AC^ But AD* = i AD* ; 
.-. ZW* = 3 ZT*. .-. AD = ^C V3. That is, a 

2. In an inscribed square assR yfi^ rss^R -^2, 
A = 90**, C =s 90®, 
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Let ABOD be an inscribed square. From the 
centre C, draw CD and CO^ also draw CA -L to 
DO. Since Z Z>C(? is measured by DO, I the 
circumference, it is a rt Z. Since Z ADO is an 
Z of a square, Z^Z>(? is a rt.Z. Inthert.ZZ>CC?, 

255" = TD* + Z7ZJ*= 2 C7?'. .-. Z>(9 = J?V2 ; 
that is a = ^ V^. Z>yi = iDO; Z CZ?(9 = ^ rt. 
Z ; /. Z 2>C^ =3 J rt. Z. .-. DA = C^ (§ 114). 
.-. CA — iDO=siI^yf2. That is, r^^^J^^. 

3. In a regular inscribed hexagon a =i /^^ r = 
i ^ V3» ^ = "o% C = 6o^ 

Let AB be a side of a regular inscribed hexagon, 
C the centre of the O. Join CA and Ciff, and 
draw CIf± to ^^. AB =^ R {% 391). That is. 

Since CH bisects u4^, "C!^* = T2* - J "CV?'- 
.-. r^'' = ^~CA*. .\ CH=^ i CA V3. That is, r 

Since Z ^4(7^ is measured by arc AB, \ of the 
circumference, it equals 60®. And, since Z, A is 
measured by J of J of the circimiference, it is equal 
to 120®. 

4. In a regular inscribed decagon a = > 



r = JW10+2V5, A = 144% C = 36^ 

Let a be the side of a regular inscribed decagon, 
C the centre of the O, R the radius^ f" the JL drawn 
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li - - ■ ■ ■- ■ : 

from C to the side a. Since ^, the side of the deca- 
gon, is equal to the greater segment of the radius 
when divided in extreme and mean ratio (§ 394), 
Ria-.iaiR'-a, ,\a^^R^ ^ aR. .'.a*-^aR 

^R\ .-.«* + ( ) + lR^^^^^ .'.a + ^R 

-^Vs- ••^ = 1 

Again, ^« = r« + (i ay. But R* = a* + aR ; 
.\ a^ + aR =^r^ + la\ Substitute the value of 

A. 2 

+ IS 

. , iP» (10 + 2 vs) 

» • r ^— - 

16 



.\ r = J Wio -h 2 Vs- 

Again, since all the ^i of a polygon = 2 (« — 2) 
rt. 2^, the A of the regular decagon = 16 rt* ^i. /. 

each Z = ~ rt. ^ =± 144°. 
10 

Since the radii o( a regular decagon form 10 
equal A at the centre, eaclx aogle at the centre =s 

— of 360** = 36^ 
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Page 250. 

Ex. 2. Show that the area of an equilateral tri- 
angle, each side of which is denoted by a, is equal 



Since the area of a A = Vj (s — a) (s—^) (s—c), 

in an equilateral A, each side of which is denoted 
Sa a a a . 

\x a* <^*V3 
the area of the equilateral A = \— g- = 



Ex. 3. How many acres are contained in a tri- 
angle whose sides are respectively 60, 70, and 80 
chains. 

Ans. 203.331 acres. 

Ex. 4. How many square feet are contained in a 
triangle each side of which is 75 feet? 
Ans. 2435.6 sq. ft. 



Page 283. 

Ex. I. If a plane be passed through one of the 
diagonals of a parallelogram^ the perpendiculars to 
the plane from the extremities of the other diagonal 
are equal. 
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Let ABDC be a O, AD and BC its diago- 
nals. Through AD pass a plane, and from B 
and C drop Js to the plane meeting the plane at 
jPand O respectively. Join DP and AO. In the 
rt. A B DP and CAO, BD = CA (being opposite 
sides of a O), BD is II to CA and BP is II to CO 
(§ 458). .-. Z DBP= Z ACQ (§ 462). .-. A 
BDP = ACAO (§ no). .\BP= CO.. 

Ex. 2. If each of the projections of a line AB 
upon two intersecting planes be a straight line, the 
line AB is a straight line. 

For the two projecting planes intersect in the 
line AB, .'. AB is a straight line (§ 446). 

Ex. 3. The height of a room is eight feet, how 
can a point in the floor directly under a certain point 
in the ceiling be determined with a ten-foot pole ? 

Keeping one end of the pole on the given point 
in the ceiling, trace a O with the other end of the 
pole. Then the centre of the G will be the point 
in the floor directly under the point in the ceiling. 

Ex. 4. If a line be drawn at an inclination 
of 45° to a plane, what is the greatest angle which 
any line of the plane, drawn through the point in 
which the inclined line pierces the plane, makes 
with the line? 
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Let MN be a plane, and AB be a line drawn to 
the plane at an inclination of 45°. Let AC be the 
projection of line AB. Prolong CA to D. Z BA C 
is the least Z which BA makes with any line of 
plane MN {% 478). .-. Z BAD (the supplement 
of Z BAC^ is the greatest Z which the line BA 
makes with any line of the plane. That is, 135° is 
the greatest Z which the line makes with the plane. 

Ex. 5. Through a given point pass a plane par- 
allel to a given plane, 

1*1 MN be the given plane, and O the given 
point. From O draw OC X to the plane MN; 
and through O draw OD and OE ± to OC. Then 
will the plane PQ, embracing the lines OD and 
0£, be X to the line OC.and .-. II to J/'A'(§ 461). 

Ex. 6. Find the locus of points in space which 
are equally distant from two given points. 

Let A and B be two given points. Join AB, 
Al C, the middle point of AB, erect a ±. Every 
point in this X is at equal distances from A and B 
(§ 59)- Hence if this J. be revolved about C, it 
will generate a plane every point of which will be at 
equal distances from A and B. 

Ex. 7. Show that the three planes, passed through 
the edges of a trihedral angle and the bisectors of 
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the opposite face angles respectively, intersect in the 
same straight line. 

Let A-BCD be a trihedral Z.] AG, AF, and 
AE be the bisectors of the face A BAD, BAC, and 
CAD respectively. Pass the planes BE A, DFA, 
and GCA. The plane BE A is the bisector of the 
dihedral Z whose edge is AB, .*. line BE bisects 
the face Z CBD. In like manner line DF bisects 
face Z BDC, and CO bisects face Z BCD. The 
three bisectors DF, BE, and CO, meet in a point 
^ (§ 119). Then line AH)& the line of intersec- 
tion of the three planes. 

Ex. 8. Find the locus of the points which are 
equally distant from the three edges of a trihedral 
angle. 

Let A-BCD be a given trihedral Z. Bisect 
the face A CAB, CAD, and DAB, Through these 
bisectors AA\ AB*, A C pass planes _L to the faces. 
Then every point in the plane passed through AA^ 
is at equal distances from the edges AB and AC 
(§ 477) ; and every point in the plane passed 
through AB^ is at equal distances from the edges 
A C and AD ; and every point in the plane passed 
through -^C is at equal distances from the edges 
AB and AD. .'. their intersection AJI is at equal 
distances from AB, A C, and AD. 
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Ex. 9. Cut a given quadrahedral angle by a 
plane so that the section shall be a parallelogram. 

Let A-BCDE be a quadrahedral Z. Through 
the opposite edges AB^ AD^ and AEy AC pass 
planes intersecting in AM. Through O, any point 
in AM^ draw in the plane ACE a straight line 
cutting AC \£i K and AE in G^ and such that 
OK = OG. Likewise through (9 in the plane ABD 
draw a straight line cutting AB in -^ and AD in ^, 
and such that OF^ OH. Then the section FGHK 
made by a plane passed through AT^x and FH is a 
O (converse of § 148). 

Ex. 10. Determine a point in a given plane such 
that the sum of its distances from two given points 
on the same side of the plane shall be a minimum. 

Let A and B be the two given points. From A 
draw a _L to the given plane meeting it at C Pro- 
long ACXo D making CD ^ AC. Join DB inter- 
secting the given plane at E. Then E is the point 
required. Let F be any other point in the given 
plane. Join AE, BF^ and AF. Now AE = DE^ 
and AF^ DF (Ex. 6). And DF ^ FB > BD. 
:. AF+ FB > BD, That is, AF+FB> DE+ 
EB. .-. AE^EB<AF+ FB. 

Ex. II. Determine a point in a given plane 
such that the difference of its distances from two 
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given points on opposite sides of a plane shall be a 
maximum. ^ 

Let A and B be any two points on opposite sides 
of the given plane. Suppose -5 to be nearer to the 

• 

plane than A. Draw BE ± to the plane. Prolong 
BE\,oDyrca^\x\%ED^BE. Join^Z>. Prolong 
AD until it meets the plane at C Then C will be 
the point required. Join CB^ and let H be any 
other point in the plane. Join DH and HB. Now 
CD = CB, and HD = HB (Ex. 6). AC - CB 
= AC -' CD =^ AD. But AD > AH - HD 
(§ 97). .-. AD>AH'- HB. .\ AC^ CB> 
AH-HB. 

Page 311. 

Ex. I. Given a cubical tank holding one ton of 
water ; find its length in feet, if a cubic foot of water 
weigh 1000 ounces. 

Ans. 3.17+ ft. 

Ex. 2. At 17 cents a square foot, what is the 
cost of lining with zinc a rectangular cistern 5 feet 
7 inches long, 3 feet 11 inches broad, 2 feet 8 J 
inches deep ? 

Ans. f 1 2.46 + * 

Ex. 3. Find the side of a cubical block of cast 
iron weighing a ton, if iron weigh 7.2 as much 
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as water, and a cubic foot of water weigh looo 
ounces. 

Ans. 1.64+ ft. 

Ex. 4. How many cubic yards of gravel will be 
required for a walk surrounding a rectangular lawn 
200 yards long, and 100 yards wide ; the walk to be 
3 feet wide, and the gravel 3 inches deep ? 

Ans, 50^ cu. yds. 

Ex. 5. The volume of a rectangular solid is the 
sum of two cubes whose edges are 10 inches and 2 
inches respectively, and the area of its base is the 
difference between two squares whose sides are ij- 
feet and if feet respectively ; fina its altitude in feet. 

Ans. 2.25 ft. 

Ex. 6. A rectangular cistern whose length is 
equal to its breadth is 22 decimetres deep, and con- 
tains 10 tonneaux of water; find its length. 

Ans, 21.32+ dm. 

Ex. 7. Given a regular prism whose base is a 
regular hexagon inscribed in a circle 6 meters in 
diameter, and whose altitude is 8.7 metres; find 
the number of kilolitres it will contain, if the thick- 
ness of the walls be i decimeter. 

Ans, 381.834. kl. 
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Ex. 8. A pond whose area is ii hectares, 21 
ares, 22.2 centares, is covered with ice 21 centime* 
tres thick. What is the weight of this body of ice 
in kilogrammes, the weight of ice being 92 per ct 
that of water. 

Ans, 21,662,009+ kgs. 

Ex. 9. Given two hollow oblique prisms whose 
interior dimensions are as follows : the area of a 
right section of the first is 18 square feet, of the 
second 2.1 square metres ; a lateral edge of the 
first is 9 feet, of the second 2.1 metres ; find the vol- 
ume of each in cubic yards, cubic metres, cubic 
decimetres, and cubic centimetres ; find the capaci- 
ty of each in gallons and litres, in bushels and hec- 
tolitres ; and find the weight of water in pounds 
and in kilogrammes required to fill each prism. 

Ans, rissT waasM. second prism. 

6 cu. yds. 5.768+ yds. 

4.587+ cu. m. 4 cu. m. 

4587+ cu. dm. 4410 cu. dm. 

4,587,155 cu. cm. 4,410,000 cu. cm, 

121 1.84 gals. 1 165 gals. 

4587 1. 4410 1. 

130+ bu. 125+ bu. 

45.87 hi. 44.1 hi. 

10,112 lbs. 9722 lbs. 

4587 kg. 4410 kg. 
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Page 316. 

Ex. I. Given a. pyramid whose base is a rect- 
angle 80 feet by 60 feet, and whose lateral edges 
are each 130 feet ; find its volume, and its entire 
surface. 

Arts. Surface, 32,280 sq. ft.; volume, 192,000 
cu. fl. 

Ex. 2. Given the frustum of a pyramid whose 
bases are hept^ons ; each side of the lower base 
t>eing 10 feet, and of the upper base 6 feet, and the 
slant height 42 feet ; find the convex surface in 
square yards. 

Ans. 26ijsq. yds. 

Ex. 3. Given a stick of timber 30 feet long, the 
greater end being 18 inches square, and the smaller 
end 15 inches square ; find its volume in cubic 
feel. 

Am. 55.8+. 

Ex, 4. Given a stone obelisk in the form of a 
regular quadrangular pyramid, having a side of its 
base equal to 25 dedmetres, and its slant height la 
metres. The atone weighs 2.5 as much as water. 
What is its weight in kilogrammes? 

-4«J. 62,156+ 1^- 
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Ex. 5. Given the frustum of a pyramid whose 
bases are squares ; each side of the lower base being 
35 decimetres, each side of the upper base 25 deci- 
metres, and the altitude 15 metres ; find its volume 
in steres. 

Ans. 136.25 St. 

Ex. 6. Given a right hexagonal pyramid whose 
base is inscribed in a circle 30 feet in diameter, and 
whose altitude is 20 feet ; find its convex surface, 
and its volume. 

Ans. Convex surface, 1073.25 sq. ft. ; volume, 
3897.2 cu. ft. 

Ex. 7. Given a right pentagonal pjn-amid whose 
base is inscribed in a circle 20 feet in diameter, and 
whose slant height is 30 feet ; find its convex sur- 
face, and its volume. 

Ans, Convex surface, 881.6-f sq.ft.; volame, 
2289 cu. ft. 

Ex. 8. Find the difference between the volume 
of the frustum of a pyramid, and the volume of a 
prism of the same altitude whose base is a section 
of the frustum parallel to its bases, and equidistant 
from them. 

Let B and d be the lower and upper bases of 
the frustum respectively; B' be the base of the 
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prism, and H the common altitude. Let Fand V^ 
denote the volumes of the frustum and of the prism 
respectively. Then, 

Ex. 9. Given a stick of timber 32 feet long, 18 
inches wide, 15 inches thick at one end^ and 12 
inches at the other ; find the number of cubic feet, 
and the number of feet board measure it contains. 
Find equivalents for the results in the metric sys- 
tem. 

Ans. 47.8885+ cu. ft.; 574.662+ ft., board 
measure; 1.35523+ cu. m.; 533-^59+ sq. dm. 

Page 321. 

Ex. I. The portion of a tetrahedron cut off by 
a plane parallel to any face is a tetrahedron similar 
to the given tetrahedron. 

The faces of the portion cut off are equal in 
number and similar to the corresponding faces of 
the tetrahedron. The section made by the cutting 
plane is a A similar to the parallel face of the 
tetrahedron (§ 565). .*. trihedral A of the por- 
tion cut off will be equal to the corresponding tri- 
hedral A of the tetrahedron (§492). .'. portion 
cut off is a tetrahedron similar to the entire tetra- 
hedron. 



J 
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Ex. 2. Two tetrahedrons, having a dihedral an- 
gle of one equal to a dihedral angle of the other, 
and the faces including these angles respectively 
similar, and similarly placed, are similar. 

Let A-BCD and A'-B'C^D' be the tetrahedrons, 
and let the dihedral Z. made by the faces BA C and 
DAC = the dihedral Z. made by the faces B'A'C^ 
and iyA'C\ 

We can place A^-B'C'If so that A^C^ shall be II 
to AC, and the face A^B'C* If to the face ABC. 
Then, since the dihedral A are equal, the face 
A' CD' will be U to the face A CD. And since 
A'B'C is similar to ABC, .\ A'B' is II to AB, 
and A'D' is II to AD. ,\ A B'AD' = Z BAD 
(§ 462). From this it follows that the trihedral A 
at A and A\ being composed of plane A which are 
equal each to each, are equal. 

In the same way it can be proved that the trihe- 
dral AsX C and C are equaL 

Again, the faces ABD and A*B^D* are I) planes, 
and the faces CBD and CB'D' are II planes (§ 
463) ; .*. BD, the intersection of the planes ABD 
and CBDy is H to B^D\ the intersection of the 
planes A'B'D' and OB'D^, .\ /. DBA = Z 
D^B'A\ and Z CBD = Z CB'D'. And Z ABC 
=: Z A*B' C (hyp.) . . • . trihedral A&tB and B' are 
equal In like manner it follows that the trihedral A 
at2^andZ>' are equal. /» the tetrahedrons are similar. 
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Ex. 3. Given two similar polyhedrons, whose 
volumes are 125 feet and 12.5 feet respectively; 
find the ratio of two homologous edges. 

Ans, 2.1544+ : I. 

Page 335. 

Ex. I. Required, the entire surface and volume 
of a cylinder of revolution whose altitude is 30 
inches, and whose base is a circle of which the 
diameter is 20 inches. 

Ans, Surface = 800 t: ; volume = 3000 r. 

Ex. 2. Required, the volume of a right truncated 
triangular prism the area of whose base is 40 square 
inches, and whose lateral edges are 10, 12, and 15 
inches, respectively. 

Ans. 493^ cu. in. 

Ex. 3. Let E denote an edge of a regular tet- 
rahedron ; show that the altitude of the tetrahedron 
is equal to JS^z; that the surface is equal to 

E^'sfl 9 and that the volume is equal to — -v/2. 

12 

Let H denote the altitude of the tetrahedron. 
The altitude will meet the base (which is an equi- 
lateral A) at the centre of the O circumscribed 
about the base. Let R equal the radius of this O. 
Then E, H^ and R are the sides of a rt. A, ^ being 
the hypotenuse. .*. IP ^ E^ ^ if*. 
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To find R in terms of Ey inscribe in the O above 
mentioned a hexagon, by bisecting the three arcs 
which correspond to the sides of the base. Now, 
each side of the base = E, and each side of the 
hexagon = ^ (§ 391). And one side E of the 
base, one side R of the hexagon, and a diameter 

2 R of the O, form a rt. A (§ 204), 

E^ 
.'. {2 Ry^E^ + R^, whence R^ = .-.^^ 

E^ 2E^ 

The area of one face = E x i the altitude of 

E 

the face. This altitude, _ , and E, form the sides 

2 

of Si It. A, E being the hypotenuse. .'. the altitude 

E E^ 

= — VS' •'. the area of one face ss — VS* .'.the 

entire surface of the tetrahedron = — V3 X 4 =» 

base X altitude 

The volume of the tetrahedron = — 

3 
E^ 
— V3 X -^ V? ^8 

ss -2 = 'J2. 

3 12 

Ex. 4. Required, the number of quarts that a 
cylinder of revolution will contain whose height is 20 
inches, and the diameter of whose base is 12 inches. 

Ans. 39+. 
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Ex. 5. Given S, the surface of a cube, find its 
edge, diagonal, and volume. What do these become 
when 5= 54? 

Ans. Edge = ^- ; diagonal = -J- ; volume = 



\S 



. When 5= 54 these become 3; 3V3> 729* 
216 

Page 364. 

Ex. I. Given a cone of revolution whose side 
is 24 feet, and the diameter of its base 6 feet ; find 
its entire surface, and its volume. 

Ans. r = ri? (Z + H) (§ 659) = 254.4696 sq. 
ft. ; V=i 7:R^ X ^ (§ 665) = 224.4 cu ft. 

Ex. 2. Given the frustum of a cone whose alti- 
tude is 24 feet, the circumference of its lower base 
20 feet, and that of its upper base 16 feet ; find its 
volume. 

Ans. F= J7r^(^«+r« + ^r)=i6i8.5cu.ft. 

Ex. 3. The volume of the frustum of a cone of 
revolution is 8025 cubic inches; its altitude 14 
inches ; the circumference of the lower base twice 
that of the upper base. What are the circumferences 
of the bases? 

Ans. F« ivH{R^ + r^ + Rr). .'. 8025 * 3 
X 3.14x6 X 14 (2 r*) + r* + 2 r*' Circunifer- 
ence of upper base » 55.3+ in. ; circumference of 
lower base = 110.6 in. 
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Ex. 4. The frustum of a cone of revolution 
whose altitude is 20 feet, and the diameters of ita 
bases 12 feet and 8 feet respectively, is divided into 
two equal parts by a plane parallel to its baseSt 
What is the altitude of each part? 

Ans. 1 1.9+ ; 8.1—. 

Page 365. 

Ex. I. The surface ofa cone is 540 square inches; 
what is the surface of a similar cone whose volume 
is 8 times as great? 

Ans. 2160 sq. in. 

Ex. 2. The lateral surface of a cone is S; what 
is the lateral surface of a similar cone whose volume 
is n times as great? 

Ans. S'^K 

Page 366. 

Ex. X. Show that two symmetrical polyhedrons 
may be decomposed into the same number of tet- 
rahedrons symmetrical each to each. 

Let F and F' be homologous vertices of two sym- 
metrical polyhedrons. On any two corresponding 
faces not adjacent to F and F[ and from two homo- 
logous vertices of these faces, draw diagonals dividing 
these faces into A. From i'and F* draw straight 
lines to the vertices of these ^. Repeat this ooo* 
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struction for each of the faces not adjacent to /* 
and /^. Then the polyhedrons will be divided into 
the same number of tetrahedrons ; that is, into as 
many tetrahedrons as there are A in these faces. 
Now any two corresponding tetrahedrons, zsP-AB C 
and P'-A^B'C'y are symmetrical. For, in the A 
ABCzxAA'B'C\AB=A'B',BC^BC\/LABC 
= Z AB'C. .-. A ABC = A AB'C In the 
A ABP and AB'P, AB = Affy BP = B'P', 
Z ABP = Z AB'P'. In Uke manner A CBP = 
A CBP, and A ^ CP = A A'CP', .'.the faces 
of these tetrahedrons are equal each to each, but 
have their parts arranged in reverse order. .•. the 
two tetrahedrons, P-ABC and P-A'B^C, are sym- 
metrical. In like manner any other two correspond- 
ing tetrahedrons may be shown to be symmetricaL 

Ex. 2. Show that t^o symmetrical polyhedrons 
are equivalent. 

Since two symmetrical polyhedrons may be de- 
composed into the same number of tetrahedrons 
symmetrical each to each, it is only necessary to 
prove that two sjrmmetrical tetrahedrons are equiva- 
lent. Let two symmetrical tetrahedrons, P-ABC 
and P-A^B'C'y be so placed that the base ABC 
shall coincide with the base A^B'C in the plane 
MNy having the vertex i' above the plane, and the 
vertex P below the plane. Then, since P and P^ 
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are Symmetrical with respect to the plane MN^ the 
altitudes of the two tetrahedrons PO and PO are 
equal, .'.the tetrahedrons are equivalent (§ 575). 

Ex. 3. Show that the intersection of two planes 
of symmetry of a solid is an axis of symmetry. 

If the solid AB have two planes of symmetry, 
MN and PQ, EF, the line of intersection of these 
planes, will be an axis of symmetry, because it con- 
tains all the points common to the planes. 

Ex. 4. Show that the intersections of three 
planes of symmetry of a solid are three axes of 
symmetry j and that the common intersection of 
these axes is the centre of Symmetry. 

Let the solid AB have three planes of symmetry, 
MNy PQ, and RSy i. to each other. Then the in- 
tersections of these planes, EF, CD^ and LKy will 
(by Ex. 3) be axes of symmetry. .*. 0^ the point 
common to these lines of intersection, will be a 
centre of symmetry. 

Page 370. 

Ex. I. The volume of a cone is 1728 cubic 
inches ; what is the volume of a similar cone whose 
Surface is 4 times as great? 

Ans. 13,8^4 cu. in. 
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Ex. 2. The volume of a cone is V; what is the 
volume of a similar cone whose surface is n times as 
great? 

Ans, Vn -y/«. 

Page 372. 

Ex. I. The altitude of a cone of revolution is 
1 2 inches ; at what distances from the vertex must 
three planes be passed parallel to the base of the 
cone in order to divide the lateral surface into four 
equal parts ? * 

Ans. 6in. ; 8.474+ in.; 10.39+ in. 

Ex. 2. The altitude of a given solid is 2 inches, 
its surface 24 square inches, and its volume 8 cubic 
inches ; find the altitude and surface of a similar 
solid whose volume is 5 1 2 cubic inches. 

Ans, Altitude, 8 in. ; surface, 384 sq. in. 

Ex. 3. The volumes of two similar cones of 
revolution are 6 cubic inches and 48 cubic inches 
respectively, and the slant height of the first is 5 
inches ; find the slant height of the second. 

Ans. 10 in. 

Page 383. 

Ex. I. If, from the extremities of one side of a 
spherical triangle, two arcs of great circles be drawn 
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to a point within the triangle, the sum of these arcs 
is less than the sum of the other two sides of the 
triangle. 

In the spherical A ABC^ let the arcs BD and 
CD be drawn to any point D within the A. Pro- 
duce BD to meet ACinJS. Then DC < DE + 
EC (§ 722) ;• and BD + DE< AB + AE. Ad- 
ding these inequalities, BD + DC< AB + AC. 

Ex. 2. On the same sphere, or on equal spheres, 
if two spherical triangles have two sides of the one 
equal respectively to two sides of the other, but the 
included angle of the first greater than the included 
angle of the second, then the third side of the first 
will be greater than the third side of the second. 

In the spherical A ABC and AB*C, let AB — 
A'B\AC^AC,AA>Z.A'y thenis^O^^'C. 
If the parttf are arranged in the same order, upon 
A ABC apply A A'B' C, so that A'B^ shall coincide 
with AB. Since Z A' < Z. A, side A'C will faU 
within AC Bisect Z CAC by arc AF meeting 
BCdXR Drawarc/'C^. ThenA^C7'= A^C/> 
(§741). *\PC^PC. lloyfBP+FOBC 
(f 722), Substitute for PC its equal PC, then BP 
+ POBC'; orBOBC. 

If the parts are arranged in reverse order, con- 
struct a A symmetrical with ABC, aiasd upon tbi^ 
symmetrical A apply A A'B*C'. 
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Ex. 3. To draw an arc perpendicular to a given 
spherical arc, from a given point without it. 

Let AB be the given spherical arc, and 6* a point 
without it. From C as a pole draw an arc of a 
great O intersecting the given arc (produced if 
necessary) at the points E and F. Find a point 
H 2X2i quadrant's distance from E and from F; and 
draw arc Cff, Then C^will be the ± required. 

Ex. 4. At a given point in a given arc^ to con- 
struct a spherical angle equal to a given spherical 
angle. 

Let ACB be the given Z, and let /^be the given 
point in the given arc MN. From C as a pole de- 
scribe an arc of a great O intersecting the sides of 
the Z. ziE and F. From Fossl pole describe the 
indefinite arc MX. On MX take MX = EF, and 
draw the arc FX, A MFX is the Z required. 

Ex. 5. To inscribe a circle in a given spherical 
triangle. 

Let ABC be the given spherical A. Bisect A A 
and B by arcs of great CD which meet at O, From 
O draw arc OD ± to AB. From 6? as a pole, with 
arc ODy describe a G. It will be the G required. 

Ex. 6. Given a spherical triangle whose sides 
are 60'', &>^ aind loo"* \ find the angles of its polar 
triangle. 

Ans^ 120**, 100°, 80®. 
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Ex. 7. The volume of a pyramid is 200 cubic 
feet ; find the volume of a similar pyramid which is 
three times as high. 

Ans. 5400 cu. ft. 

Ex. 8. Find the centre of a sphere whose sur- 
face shall pass through three given points and touch 
a given plane. 

Let /i, jPa? ^zy denote the given points, E the given 
plane. Construct a O whose circumference shall 
pass through /i, /2> ^zy and at its centre K erect a -L 
to the plane of the O ; then the centre of the sphere 
must lie in this ±. From K let fall a ± to the 
plane E ; then this -L, together with the former one, 
determines a plane which is J- to the plane E and 
to the plane of the O, cutting the former in a line 
c, and the latter in a diameter d of the O. In this 
plane construct a O whose circumference shall pass 
through the extremities of the diameter d^ and also 
touch the line c ; then the centre of this O will be 
the centre of the sphere required. 

The problem admits of two solutions. 

Ex. 9. Find the centre of a sphere whose sur- 
face shall pass through three given points, and shall 
^Iso touch the surface of a given sphere. . ' . ' 

Let /5l, /'j, /J, be the given points, K the centre 
of the given sphere* The centre of the sphere 
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required xnust lie in the J. erected at the centre of 
the O whose circumference passes through jPi, P^ 
and /^. Imagine a plane E passed through this J. 
and K ; it will cut the O in a diameter d, and the 
given sphere in a great O G. If we now con- 
struct a O whose circumference shall pass through 
the extremities of d^ and shall also touch G, then 
the centre of this O will also be the centre of the 
sphere required. 
Two solutions are possible. 

Ex. xo. Find the centre of a sphere whose sur- 
face shall touch two given planes, and also pass 
through two given points lying between the planes* 
Let -El, Et, denote the given planes, Fi, /^ the 
given points. If we bisect the dihedral angle be- 
tween El and Et by a plane E^ the centre of the 
required sphere must lie in this bisecting plane. 
Let fall PxM l.\x> E^ and let it intersect £ in M\ 
produce PiM making MF^ P\M^ and construct 
(by Ex. 8) a sphere whose surface shall pass 
through Pxt Ff, and F, and shall also touch either 
of the planes E^, E^. This sphere is the sphere 

required. 

Pace 387. 

l^x. I. Given the radius of a sphere is 10 feet; 
find the area of a Inne whose ang^ is 30"^. 
A»s. 104.72 sq. ft. 
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Ex. 2. Given the diameter of a sphere is i6 
feet ; find the area of a lune whose angle is 75^. 
Ans. 167.55 sq. ft. 

Ex. 3. Given the diameter of a sphere is 20 
inches ; find the entire surface of its circumscribed 
cylinder ; and of its circumscribed cone, the vertical 
angle of the cone being 60°. 

Ans. Surface of cylinder = 1884.95 ^4* ^ i *^~ 
face of cone s 2827.44 sq. in. 

Page 397. 

Ex. I. Given a sphere whose diameter is 20 
inches ; find the circumference of a small circle 
whose plane cuts the diameter 4 inches from the 
centre. 

^^' 57-55 ^' 

Ex. 2. Construct on the spherical blackboard 
spherical angles of 30*, 45% 90®, 120®, 150°, and 

From any point i'as a pole, with a quadrant arc 
of 90°, describe the circumference of a great O 
ABCD. Draw PB^ an arc of a great O.. From 

1 For measuring arcs on the spherical blackboard, a strip of 
paper equal in length to the circumference of a great circle of 
the given sphere, and marked off in degrees, will be foimd con- 
venient. 
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i9 lay off on the circumference ABCD arcs of jo"*, 
45^ etc. Pads arcs of great ® through Py and the 
extremities, MN^ etc., of these arcs. Then A BPM^ 
BPNy etc., wiD be spherical A of 30®, 45**, etc. 

Ex. 3. Construct on the spherical blackboard 
a spherical triangle whose sides are 100^, 8o^» 
and 70^ respectively. What is true of its polar 
triangle? 

From A^ a point on the circumference of a great 
G, lay off arc AB on this circumference = 100". 
From A and B as poles, with arcs = 80° and 70' 
respectively, describe arcs intersecting at C. 
Through AyC and ByC draw arcs of great (D. 
A ABC is the A required. 

The A of the polar A are respectively My loo**, 
and IIO^ 

Ex. 4. Find the surface and volume of a sphere 
whose radius is 10 inches ; also find the area of a 
spherical triangle on this sphere, the angles of the 
triangle being 80*, 85% and loo* respectively. 

Ans. Surface of sphere = 1 256.64 sq. in. ; volume 
Of sphere = 418S.8 cu. in. Area of A ss 148.35 sq.in. 

Ex. 5. If 7 equidistant planes cut a sphere, 
each perpendicular to the same diameter, what are 
the relative areas of the zones ? 

Ans. They are equal. 
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Ex. 6. Given two mutually equiangular triangles 
on spheres whose radii are lo inches and 40 inches 
respectively ; what are their relative areas ? 

Ans. The ratio i ; 16. 

Ex. 7. Let F denote the volume of a spherical 
pyramid, 5 its base, £ the spherical excess of its 
base, and i? the radius of the sphere ; show that 
S = i n J^^jE, and F= i J^^£. 

Ans, Surface of sphere = 4 Tri?' ; surface of 
trirectangular A = J 7ri?». .-. 5 = J n/^^jE (§ 771) . 

Since base of pyramid = ^ t:R^E, volume of 
pyramid = J izR^E X ^R^l t:R^E. 

Ex. 8. Given the volume of a sphere 1728 
inches ; find its radius. 
Ans, 7.4+. 

Ex. 9. Find the ratio of the surfaces, and the 
ratio of the volumes, of a cube and of the inscribed 
sphere. 

Ans, 6 : ;r. 

Ex. 10. Find the ratio of the surfaces, and the 
ratio of the volumes, of a sphere and the circum- 
scribed cylinder. 

Ans. 2:3. 
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Ex. II. Let F denote the volume and -^ the 
altitude of the spherical segment of one base, and 
R the radius of the sphere; show that F= tzH^ 
{R — IH). Also, find F when ^= 12 and Zr= 3. 

Let V = volume of sector, V^' = volume of 

cone; then F=» F* - V. F" = ^^-^^• 

Now H" = R" H, asA R"* = R* - {R - H)* 

= 2 Rlf^ m. .'. F" = (/?— ^ 

3 

2^R*^$nRIP+nin ^ ^^ 2nR^xH 

=s . But V^ = ■ ■ 

3 3 

Substitute these values in the equation Fa= F'— F" ; 

"3 3 

«^ ; —^nIP(R^\H). 3ii,ncariy. 



Ex. 12. Given a sphere 2 feet in diameter; 
find the volume of a segment of the sphere included 
between two parallel planes, one at 3 and the other 
at 9 inches from the centre. (Two solutions.) 

Ans, 1979.2 cu. in. ; 4637 cu. in. 

Ex. 13. A sphere 4 inches in diameter is bored 
through the centre with a two-inch augur ; find the 
volume remaining. 

Ans. 21.76 cu. in. 
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I. — Rectilinear Figures. 

Ex. I. From two given points on the same side of a 
given line, draw two lines which shall meet in that line and 
make equal angles with it. 

Given A, B; draw ^C± to given line, and produce, mak- 
ing CD = AC; join BD, cutting the given line C£F at £\ 
then in ^ A£C, DEC, we have Z A£C= Z D£C= Z BEF, 

Ex. 2. Describe a square of which a given line shall be 
the diagonal. 

Bisect given line AB at rt. A by DCE, and make CD = 
C£= CA or CB\ then AD = BD = &c., and the figure is 
equilateral : also Z CAD = Z CD A = \ rt. Z, and, similarly, 
Z CDB = J rt. Z; .*. Z ADB = rt. Z, &c., and the figure is 
also rectangular. 

Ex. 3.- Let AB bisect CD at right angles at B\ from 
any point E draw EC through the nearest extremity of CD 
cutting AB at F\ and prove that the difference of EF and 
DFis greater than that of any other two lines drawn from 
E and D to meet in the line AB. 

For, if G be any other point in AB, EG ± DG ^ EG ± 
CGy9hichii<£C,U.<EF±DF 

89 



90 GEOMETRICAL EXERCISES. 

Ex. 4. The sum of the diagonals of a quadrilateral is 
less than the sum of any four lines that can be drawn from 
any point whatever (except the intersection of the diagonals) 
to the four angles. 

ACt BD the diagonals, E any point ; then AC< AE + 
EC, and BD<BE'^ ED^ .'. &c. 

Ex. 5. Construct a triangle, having given one side, an 
adjacent angle, and the sum or difference of the other two 
sides. 

Given side AB, and Z ABC\ in BC take BD = given 
sum or difference, in the former case >, in the latter <, AB, 
tnd 21 A in DA make A VAC = Z ADC; th^nAC^ CD» 
and ACB is the A, 

Ex. 6. From a given point draw three lines of given 
lengths, so that their extremities may be in one line, and 
equally distant from each other. 

Given A : draw any line AB, and make AC= CD = one 
of given lines ; construct A AED, with sides AE^ DE = 
other given lines ; in i^C produced make C7^= CEt then 
AF, AC, AE are the lines required, since AF= DE. 

Ex. 7. If a line which bisects the vertical angle of a 
triangle also bisects the base, the triangle is isosceles. 

Produce AD (the bisecting line), making DE = DA \ 
then in ^ ADB, EDC^ Ji BAD = Z CED, and similarly, 
ZC4/? = Z BED ; .-. in A BAE^ CAE, BA =AC. 

Ex. 8. From a given point draw a line making equal 
angles with two given lines. 

Given A, BC. BD ; bisect Z CBD by BE. and thraogh 
^draw C£2?J.to^^; ^<ka\a^BEC.BED. ^. BCE^ 
Z BDE, 
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Ex. 9. Through a given point draw a line, so that the 
perpendiculars upon it from two other given points may be 
equal to each other. 

Given A, and B, C; bisect BC at D, and draw B£, CF 
± on AD\ then BE = CF. 

Ex. 10. Given the perimeter of a triangle, and the angles 
at the base : to construct the triangle. 

Given ^^= the perimeter, BAC, ABD= the A at the 
^base ; bisect these A hj A£, BE ; from E to AB draw EF, 
EG 11 to ^C, BD\ then EFG shall be the triangle required. 
For Z EAF=ZEAC = Z AEF, ,\ AF= FE; similarly, EG 
= CB ; :, perimeter EFG = AB ; and A EFG, EGF= 
A BAC, ABD. 

Ex. II. The parallelogram whose diagonals are equal is 
rectangular. 

The diagonals AC, BD are =, and bisect each other at E\ 
:,EA^EB,9X!AAEAB-AEBA\ %o AEAD- Z.EDA\ 
.-. /. BAD = A ABD + ADB = rt. Z. 

Ex. 12. The quadrilateral figure whose diagonals bisect 
each other is a parallelogram. 
In ^ AEB, CED, Z. EAB = Z ECD, /. AB II to CD, &c. 

Ex. 13. Draw a line which would, if produced, bisect the 
angle between two given lines, without producing them to 
meet. 

Through any point P draw PC, II to AB, one given line, to 
meet CD, the other given line ; bisect Z PCD by CE, cmX- 
^% AB 9a E\ then Z BEC^ Z ECP= Z ECD \ and 
lui* bisecting EC at rt. ^ is the line retpiired.. 
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Ex. 14. Draw a line DE^ parallel to the base BC^ and 
intercepted by the sides, of a triangle ABC, so that DE 
shall be equal to the difference of BD and CE, 

Bisect Z. B hy BG, and exterior Z ACFhy CG\ and 
draw DEC II to BCi then Z DGB = Z GBC = Z Z>^C? ; /. 
BD = DG\ so C£ = ^(7: /. DE^BD± CE, 

Ex. 15. If AB be bisected at C, and from A^ C, B par* 
allel lines be drawn cutting a given line at D, E, E, show 
that, according as A and B lie on the sa/m or opposite sides 
of the line, CF is equal to the semi-sum or semi-difference 
of AD and BE. 

Draw GCH II to given line, cutting AD, BE (or these pro- 
duced) 9X.G,H\ then AG = BH, and C/'= H<^^ + -^-^» 
hence, — 

(t.) when A, B, are on the same side of the line {A near* 
est to the line) 

CF=^ \ IGA + AD+BE-BJ/] = | lAD + BE^; 

{iiJ) when A, B, are on opposite sides of the line {A, C 
on the same side of it), 

CF^ilAD-AG + HB-BEri^ilAD-BE}, 

Ex. 16. Trisect a right angle. 

Let ^^Cbe vt. Z: on AB describe equilateral A ADB, 
and bisect Z BAD by AE : then Z BAD = f rt. Z, .'. Z BAE 
= J rt. Z = Z ^.4/? = Z Z)y^C 

Ex. 17. One of the acute angles of a right-angled tri* 
angle is three times as great as the other : trisect the smaller 
of these. 

Since the smaller Z ABC = } rt. Z, its third = ^ rt. Z. 
Trisect the rt. Z ^^C; and bisect its third part, Z BAD, 
by AE, and again bisect Z BAE by AE; at Bin AB make 
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jL ABF = Z BAF --^ rt. Z; then bisecting Z CBF, the 
Z. ABC is trisected. 

Ex. 1 8. If the base of an isosceles triangle be produced, 
twice the exterior angle is greater than two right angles by 
the vertical angle. 

Exterior Z ACD = A BAC + ABC = Z BAC'\' J (2 rt 
A-ABAC)^\Z.BAC'\-ti,£\ :.2 /L ACD- Z.BAC 
+ 2 rt. -4. 

Ex. 19. If there be an isosceles and an equilateral tri- 
angle upon the same base, and so that the inner vertex is 
equally distant from the other and from the extremities of 
the base, then, according as that of the former is the inner 
or outer vertex, its base angle will be \ or 2\ times the 
vertical. 

BACiha equilateral, BDC, BI>C, the isosceles A: draw 
I^ADE ± to BC\ then Z BDE = 2 Z BAD = | rt. Z ; .'. 
Z BDC= % rt. Z,and Z DBE = J rt. Z = J Z BDC 
Again, Z BD^E = J Z BAD = i rt. Z ; .. Z D'BE = J rt. 
Z=f Z^Z>'C 

Ex. 20. Trisect a given line : and hence divide an equi- 
lateral triangle into nine equal parts. 

On AB describe equilateral A A CB ; bisect 4 ^, ^ by 
AD, BD, and draw DE, DF, II to CA, CB; then Z EDA = 
LDAC—A DAE, :. ED = EA, and so FD - FB \ but 
jLDEF- Z cab, 9xAZ.DFE^/. CBA,:,/iEDF=/.C, 
and A DEF is equilateral : hence EF = ED = AE ; sim- 
ilarly EF == FB, 

Hence joining CD, producing ED, FD, to G, H, and 
drawing LDK II to AB, the A is divided into nine equal ^ 
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EsL 2t. In the b&se BC of an isosceles triangle take any 
point D\ in CA make CE equal to CD, and let ED cut 
v^^ at Fi then show that three times the angle AEF is 
greater than four right Angles by the angle AFE, 

Rt. ^ AEF = A ECD + EDC = Z iECZ? + J (« rt. ii - 
Z i5CZ>) = rt. Z + J Z/*C^; but A AEF+ AFE = 2 rt. 4 
^ZBAC ^%ZACB=4ZAEF—4Tt,Ai :. $ Z AEF 
* Z ^/» + 4 rt. -4. 

Ex. 22. If the base angles of an isosceles triangle be 
one fourth of the vertical angle, and from it a line be drawn 
perpendicular to the base to meet the opposite side pro- 
duced, then the part produced, the perpendicular, and the 
remaining side, will form an equilateral triangle. 

Let BAC = 4 Z ABC, .'. Z ABC = J rt. Z = Z ACB : 
hence Z ABD = | rt. Z, and Z BDC = } rt. Z, /. Z DAB 
= } rt Z, and A ABD is equilateral. 

£x. 23. ABC is a triangle, right-angled at A, and hav- 
ing the angle B double of the angle C: show that the side 
CD is double of the side AB. 

In BC take BD= AB: then since Z ^ =} rt Z, A ^^2> 
is equilateral : also Z DAC = J rt Z = Z DCA; /. DC = 
DA =* AB^ and C9 = 2 AB. 

Ex. 24. If the three angles of a triangle be bisected, 
and one of the bisecting lines be produced to meet the op- 
posite side, the angle contained by this line produced and 
one of the others is equal to the angle contained by the 
third line and a perpendicular from their common point of 
intersection to the side aforesaid. 

Produce AD \A E\ draw DF X lo BC\ then A DAB 
\ DBC + DCA = ti,Z*^A DBF -f BDF^ /. Z BDF 
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« A DAB + DCA « A DAC + DCA « A CDE, attd .% 
ZBDE = /. CDF, 

Ex. 25. If in the sides of a square, at equal distances 
from the four angles, four points be taken, one in each side, 
the figure formed by joining them will also be a square. 

Given AE^ BP- CG^ DH, then in A AEH, GHD, 
HE^ HG, and A AEH = /. GHD\ so EF - FG = GH 
= HEy and the figure is equilateral : but exterior Z EHD ^ 
A HAE + AEH, and also = A EHG + GHD\ :. Z EHG 
^ Z HAE ^ ft. Z, &c. ! /. the figure is a square. 

Ex. 26. \Ak AD, AE be squares upon the sides of the 
right>angled triangle ABC, and drop DF, EG perpendicular 
on the hypotenvse BC produced ; then BC and the triangle 
ABC are respectively equal to the sum of DF and EG, and 
of the triangles DBF and ECG, 

Draw AG ± to BC\ then since DBA = rt. Z, .'. A DBF 
+ ABG =Tt.Z=A ABG + BAG, :. Z Z?^/" = Z ^/^C?, 
md ik DBF, BAG are equiangular and also equal, since AB 
« BDi fiirailarly of A, ECO, CAGi /. BF^AG = (7(7, DF 
-¥ EG= BG^- CG= BC, and A DBF-^ ECG ^ A -rf ^C 

Ex. 27. Given the perpendicular from the vertex on the 
base, and the difference between each side and the adjacent 
segment of the base : construct the triangle. 

On opposite sides of A in the same line take AB, AC — 
given differences; erect AD of given length ± to BC \ 
make A CDE, BDF- A DCE, DBFx :. DE = EC, /. DE 
— EA'^ CA\ so DF^ FA^BA; and DEFiM the A re- 
quired. 

Ex. 28. The lines wlncii bisect the angles of any paral- 
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lelogram fonn a rectangular parallelogram, whose diagonals 
are parallel to the sides of the former. 

Let AE cut DGziF^ and BE cut CG zX H \ then exte- 
rior ^. AEH= A ABE + BAE = i (^ ^^^ + -^^-^) = 
rt. Z, &c.; hence EFGH is a rectangular O: again, let 
AEcut BC2lK\ then in iSk ABE, KBE, AE = EK, but 
in A /i^^, CZ?6^, /rf-£ = CG, .'. -£i^ = and is II to CG, and 
/. ^6^ = and is II to KC : hence EG is II to BC, and sp 
also/'^isllto^^. 

Ex. 29. ^A -^^ are two parallel lines cut obliquely by 
AB and perpendicularly by -<^C; BED is drawn cutting 
^C at j£, so that i?Z> is equal to twice AB\ prove that the 
angle DBC is one-third of the angle ABC. 

Uakit Z. DAF - A ADF \ /. AF = DF, and Z /^*£ = 
rt. Z.-LADB = tLA—LDBC^Z. AEFi .*. FE = FA^ 
FD\ :. AB = ^/; and Z ABF= A AFB = 2 Z ^Z)7?'; or 
AABC=z^.DBC. 

Ex. 30. In a given triangle place a line which shall be 
terminated by the two sides, and be equal to one given line 
and parallel to another. 

Let A be the Z nearest to second given line ; from B 
draw BD — to one line, and II to the other : draw DE to 
AC, II to AB, and EFXq AB, II to BD\ EF is the line re- 
quired. 

Ex. 31. Any straight line drawn through the bisection of 
the diagonal of a parallelogram to meet the sides is bisected 
at that point, and also bisects the parallelogram. 

Through F, the bisection of BD, draw EFG to cut 
ABCDi thenEF= FG,imdABFE=DFG; hnt A BAD 
== A BCD, :. figure ADGE = figure BCGE. 
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Ex. 32. In any triangle ABC^ if BE^ CFht perpendicu- 
lars on any line through A, and D be the bisection of BC^ 
show that DE = DK 

Produce ED to cut CE sX G i then since B£> = DC, and 
BE II to CG, /. J5Z? = C?Z?, and /. DE = Z>/^ 

Ex. 33. If from the right angle of a triangle two lines 
be drawn, one bisecting the base and the other perpendicu« 
lar to it, they will contain an angle equal to the difference 
of the two acute angles of the triangle. 

AD, AE the two lines : then DA = DB = DC, .*. exte- 
rior Z ADE (AB> AC) = 2Z ABC: but A DAE + ADE 
= rt.Z= A ACB + ABC; :.ZDAE= A ACB- ABC. 

Ex. 34. Find the point in the base of a triangle from 
which lines drawn parallel to the sides to meet them are 
equal. 

Bisect ZBAChy AD, and draw DE, DE II to AC, AB ; 
:.DE=DE. 

Ex. 35. Through D, E, the bisections of the sides AB, 
AC o( a. triangle, draw DE, EF parallel to BE, AB ; and 
show that the sides of the angle DCE are equal to the 
three lines drawn from the angles to bisect the sides. 

CD is one of the three lines, and DE — BE another of 
them : now FE, being II to AB, bisects BC at Gi and AD 
= BD = FE, and also II to FE, /. AFED, AFGB are Z37 ; 
and CG=^ BG- AF, :, AFCG is O, and FC= AG. 

Ex. 36. Bisect a triangle by a line drawn from a given 
point in one of its sides. 

Given D in AB, and A the Z nearest to D : bisect BC 2X 
E, draw AFW to DE, and join DF : .'. A DEF = A ADE, 
:. A DBF= A ABE = i A ABC. 
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Ex. 37. If from way point in tbe diagonal of a parallelo- 
gram lines be drawn to the angles, the parallelogram will 
be divided into two pairs of equal triangles. 

Given £ in ^/> : let AC, BD cut at F x then A ABF = 
A CBF, and A AEF^h CEF\ :.£:^AEB^b. CEB, and 
A AED = A CED. 

Ex. 38. Through E, the bbectlon of the diagonal BD 
of a quadrilateral ABCD, draw FEG parallel to ^C ; and 
show that AG will bisect the figure. 

A ABE = A ADE, and A CBE =« A CDE, ,\ figure 
ABCE w figui« ADCEi but A AEG =» A CEG, /. (If AG 
cut CE liH) t^ AEH = A CGJf : from one figure take 
A AEJ/, and add to it A CGJ/, and vicg versd for the other 
figure ; .*. A on one side AG^ quadrilateral on the other. 

Ex. 39. If of the four triangles, into which the diagonals 
divide a quadrilateral, two opposite ones are equal, the 
quadrilateral has two opposite sides parallel. 

Let A AED = A BEC; .'. A ABD = A ABC; .', AB 
is II to CD. 

Ex. 40. The two triangles, formed by drawing lines from 
any point within a parallelogram to the extremities of two 
opposite sides, are together half the parallelogram. 

Through given point E, draw FEG II to AB ; then A AEB 
= i O /!(;, and A CED =\ODG; .'.A AEB + CED 
= \CJ ABCD, 

^* 41. If from the ends of one of the oblique sides of 
» trapezoid two lines be drawn to the bisection of the oppo- 
site side, the triangle thus formed with the first side is half 
the trapezoid. 
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Given EinBCi draw F£G II to ^D : then A JS£^ = 
A C£G, and O 4C^ = trapezoid = 2 A AVIu, 

Ex. 42. If from the extremities of the base of an isosceles 
triangle lines be drawn perpendicular to the $idesi the line 
which joins the vertex with their point of intersection will 
bisect the base at right angles. 

MDf CD {Ji) -L to AB^ AC ; («.) X to ^C, AB cutting 
AC, AB at E, F, in which case ^ ABU = ^ ACF\ /, for 
both cases, A ABD ± ABC — AACD±. ACS, or A DBC 
^ /.pCB,9Xi!XDB^ J)C\ :.Z.BAD=' ^CAl>^9Xi^AD 
bisects ^C* at rt, 4* 



II. — Circles. 

Ex. I. The centre Qf a eirele being given* ftsd twp op- 
posite points in the circumference by mean« ef a pair of 
compasses only. 

Given O : with centre A (any point in circumference), 
radius ^0, describe O, cutting the former at ^, C; with 
centre B9 radius BA or BQ, deseribe O, cutting the first at 
D ; then A CO A, A OB, BOD are equilateral. .% /i CO At 
A OB, BOD = a rt. A and CP/> is 9, ^tr^ight Hne, and = 
diameter of O. 

Ex. 2. Through a given point draw a linef 6Q tbat the 
part of it intercepted between two given parallel lines may 
be equal to a given line. 

With centre A (any point in one of the lines) and radiup 
= given line, describe O, cutting the other line at A ^ « 
through given points draw lines 11 to AB» AC- 
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Ex. 3. If, with the vertex of an isosceles triangle as cen- 
tre, a circle be described cutting the base or base produced, 
the parts of it intercepted between the circle and the extremi- 
ties of the base will be equal. 

Let the O, centre A, cut BC a,tD,E; draw AF± to BCz 
then DF= FE, and BF= FC; .*. DB = C£. 

Ex. 4. If two circles cut each other, any two parallel lines 
drawn through the points of section to cut the circles are 
equal. 

Let the ® (centres A, B) intersect at C, />, and let ECF^ 
GDH, be II Unes ; draw KAM, LBN, X to EF, GHi then 
EK=JCC, CL = LFi :. EF=2KL = 2MN= GH. 

Ex. 5. If two circles cut each other, draw through one 
of the points of section a line which shall be terminated at 
the circumferences, and be bbected at that point. 

Let the 9 (centres A, B) intersect at Cy Di bisect AB at 
E, and draw FCG ± to CE, AH, BK X to FG, EL, BM, 
±to AH,EC\ then-fiZ = BM,ox Cff=^ CK\ .\ CF= CG. 

Ex. 6. Draw a line cutting two concentric circles, so that 
the part of it intercepted by the circumference of the greater, 
may be double the part intercepted by that of the less. 

Produce any radius OA, making AB = OA ; on AB de- 
scribe O, cutting, when possible, outer O at C; draw CADE 
the line required: for {^OF X \o CE) by ^ OAF, BAC, 
AF=ACand CE=2 AD. 

Ex. 7. If two circles cut each other, the greatest line 
that can be drawn through the point of intersection is that 
which is parallel to the line joming their centres. 

Given ECF II to AB, GCH any other line through C\ draw 
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AK, BL ± to EF, AM, BN ± to GH, BB 1 to AM; 
then GJ/= 2BP<2AB< EK 

Ex. 8. Describe three equal circles touching one another, 
and also another which shall touch all three. 

On any line AB describe equilateral A ACB ; bisect BC, 
AC, AB at A ^, ^\ with centres A, B, C, radius AE, BD, 
CE ; describe the (D. Again, bisect the A of the C^ hy AG, 
BG, CG,cvitXing the® ai J/, X,/.: thenAG=^BG; :.GH 
= GK = GL, and the O with centre G radius GH, will 
touch the 3 <D at H, K, L, since AG,BG, CG pass through 
their centres. 

N.B. — This is true either of the enveloping or the in- 
cluded O. 

Ex. 9. How many equal circles can be described around 
another circle of the same magnitude, touching it and one 
another? 

A the centre of central O, B, C of two others: then 
Z. BAG = ) rt Z, and there may be six such angles around 
the point A, and .'. six such (D. 

Ex. 10. Describe a circle which shall pass through a 
given point, and touch a given circle at a given point, the 
two points not being in a tangent to the given circle. 

Given A, and B in O, centre O : produce OB to C, and 
make /.BAG =Z.ABC', C is the centre. 

Ex. II. Describe a circle which shall touch a given cir- 
cle at a given point, and also touch a given straight line. 

Draw tangent at A cutting given line BC 2X. C; bisect 
'/.ACB by CD, cutting OA^iJ); draw DB ± to BC; then 
I?B = DA, and D is the centre. 
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Ex. 12. If from any point without % circle two linet be 
drawn, making equal angles with the line through the centre 
from that point, they will cut off equal segments from the 
circle. 

From centre draw OB, OCX to given lines AI>£, A CF\ 
then OB = OC, and .-. £>£ = CF. 

Ex. 13. In the diameter of a circle produced determine 
n point from which « tangent drawn to the circle shall be 
equal to the diameter. 

Given diameter A OB : draw ^ C JL to and — AB, and /?£ 
± to ODC; then Z>£ is a tangent, and = AC^AB. 

Ex. 14. Describe a circle that shall pass through a given 
point, have a given radius, and touch a given line. 

Given A, BC; draw BD ± to BC =« given radius, and let 
D£ II to BC cut, if possible, the O, centre A and given ra- 
dius at E; £ is centre of O. 

Ex. 15. Describe a circle whose centre shall be in the 
perpendicular of a given right-angled triangle, and which 
shall pass through the right angle and touch the hypote- 
nuse. 

Bisect Z B, opposite to X, by BD, and draw ^JE X to 
hypotenuse BC; then DA = DE^ and D b centre of Q. 

Ex. 16. A is any point in the diameter (or diameter pro- 
duced) of a circle whose centre is ; OB a radius perpen- 
dicular to the diameter : if AB cut the circle at P, and the 
tangent at ^cut ^C? at C, show that AC- CP, 

Since /. OPC ^ rt. /, we hav< A OPB + CPA = rt ^ 
== A OBP+ CAP; .-. Z CPA = Z CAP, and CP^ CA. 



f^x. 17. A common tangent is drawn to two circles w^icli 
touch externally : if a circle be described on that part of it 
which lies between the points of contact, as diameter, it will 
pass through the point of contact of the two circles, and be 
touched by the line joining their centres. 

From point of contact C draw CFX to 4^ cutting com? 
mon tangent £>£ at F; then FD^fC^ FF, and O on DE 
will pass through C, ^d be touched by AB^ since CF is X 
to AB. 

Ex. 18. Describe a circle, with given radius and its e^n* 
tre in a given line, which sh(dl touch another given line. 

Given AB, AC: from any point C in AC draw CD 1. to 
AC and = given radius, and let DF II tg ^C cut AB at fii 
F is the centra of Q. 

Ex, 19. Describe a circle that shall touch a given line 9X 
a given point, and also touch a given cirele. 

O the centre of given : from given point A draw AB JL 
to given line, on side toward* O^ and in it or in BA produced* 
take AC= radiu« of given O 5 tnake /. COB = ^ OCB 1 then 
B is centre of Q, 

Ex. 20. Draw a line that shall touch a given circl^i ftnd 
make with a given line a given angle. 

Given line AB and centre Oi mak« / BAC = given ^t 
and through draw BC XtoACt and cutting O ^t D; then 
DF II to ^C is line required. 

E;c, 21, Describe two circles of given radii, that shall 
touch each other, and the same given line on the S4me side 
of it. 

From any point A in the line, and -1 to it on the same side. 
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draw AB^ AC'= given radii ; produce BA making AJD "= AC^ 
and let O, centre B^ radius BD, cut CE II to given line at 
£: B, E are centres of (D required. 

.Ex. 22. If two circles touch each other, and parallel di- 
ameters be drawn, then lines which join the extremities of 
these diameters will pass through the point of contact. 

Take (D touching externally : A, B the centres, C the point 
of contact, £>£, EG, the II diameters : draw A CB, and join 
DC, CE; then ZEAC = Z CBG, :.Z.AE>C=Z CEB, and 
:.DCE is a straight line; for, if not, produce DC to cut 
EGatE*i ih^n Z ADC = ZCE*B-Z. CEB. 

Ex. 23. The line drawn from the vertex of an equilateral 
triangle to meet the circumscribing circle at any point, is 
equal to the sum or difference of the two lines drawn from 
the extremities of the base to that point, according as it does 
or does not cut the base. 

(«.) Let chord AD cut BC\ in AD take DE — DB\ then 
since Z BDE = Z BCA, and DB = DE, A BDE is equi- 
lateral; /. Z DBE = Z ABC, and Z DBC = Z ABE; 
.-. AE = CD, and AD = BD-\- CD, (it.) Let BD be the 
line, not cutting base AC: then, as before, AB = BD + CD, 
.\BD-AD-CD. 

Ex. 24. The circles described on the three sides of a tri- 
angle, so as fo pass through the points of intersection of the 
perpendicuiars upon them from the opposite angles, are 
<^q«^^ to eac/, o£her. r- ^ » 

nj^nt^ "^ -^^' '^^' ^' intersect at D ; draw the diameters 
It^LZv ^^'' '^^^^ ^ ^^^ ^ ^- ^ ^^^' ^«d .-. ECE is a 
• yririi.''^' *n^ ^'^ ^'^ ^^^' ^^^5 «o^ ^ CAa-=ZCBb, 



GEOMETRICAL EXERCISES. IO5 

Ex. 25. Two circles intersect at A, B, the centre of one 
being in the circumference of the other: draw any chord 
A CD cutting them both, and show that CB = CD, 

Through O, the given centre, draw diameter ^O^: then 
ZA0B = /:ACB, .\ ZBOE = ZBCD, and ^ 0B£, CBD 
are equiangular : but A 0B£ is isosceles, .'. CB = CD. 

Ex. 26. If from any two points in the circumference of a 
circle there be drawn two lines to a point in any tangent to 
the circle, they will make the greatest angle when drawn to 
the point of contact. 

Given A, B, and CD tangent at C: let AD cut the O at ^ ; 
ihen^ACB==Z.A£B>/:ADB. 

Ex. 27. Given three points in a circle: show how we 
may find any number of other points, without knowing the 
position of the centre. 

Given Af Bt C: draw lines making = A with AC, BC; 
they will meet at D, a point in the O. 

Ex. 28. If, through the angles of a quadrilateral, lines bi- 
secting them be drawn, the points at which each line inter- 
sects the adjacent ones will all lie in the circumference of 
a circle. 

Given AGE, BGF, CHF, DHE, the bisecting lines: then 
A GEH +i^ + i/) = 2rt. zi = ^ GFH'\' J jff + J C: 
.-. A GEH+ GFH+ \{A + B + C -^^ D) = /^ri, A\ but 
AA-\-B-\'C-¥D = ^ii,A: .'. EHFG may be inscribed in 
aO. 

Ex. 29. If two equal circles cut each other, and from 
either point of intersection a circle be described cutting 
them, the point where this circle cuts them, and the other 
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point of intersection of the equal eircles are in the same 
straight line. 

Let the ^ cut tXA, Si with centre S describe O cutting 
them at C, Z>: let CA cut O ADB at £ (suppose) ; then 
are ^^ -= arc ^C, and •*. B£ = SC; /. ^ is in G CA and 
being also in O ADB^ must be their point of intersec- 
tion D, 

Ex. 30. Given the radius of a circle that touches tWQ 
given Unes not parallel : determine its centre. 

Bisect the Z.BAC between the two lines \iy A0\ draw 
AD i. to AB and ^ given radius: then a line through D 
X to AD will cut AO 9X0^ the centre of O required. 

Ex, 31. Find a point in the diameter produced of a given 
aide, such that, if tangents be drawn from it to the circle^ 
the concave part of the circumference may be double of the 
convex. 

Produce radius OA making AB = OA ; B is the point 
required: for on OB describe equilateral A OCB^ and let 
OCcttttheOat/); then since 0Z> - CA -^^ » -A. to PA 
and .'. touches the O; and /.AOP = f rt -4 /. ^ A'OD 
- I rt 4^= z^AOD, and arc A^D = 3 arc AD. 

Ex. 3a, The line which is drawn through the biseetion 
of any arc of a circle, parallel to its chord, is a tangent to 
the circle at that point: and the radius which bisects the 
chord of an arc bisects also the are. 

Given DCE W to chord AB, through C the bisection of its 
arc: let CC cut AB at F; then ^AOC = Z.BOC\ /.by 
k^AOF, BOF, d ^^^ *f« ^' ^ i •'• also ^ at C are rt. zi 
and D£ is a tangent at C Again, let OC bisect AB at F\ 
then hy&^ACF, J5^P% AC^BC^ and .\ arc AC- arc CB. 
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Ex. 33. If, from each esctremity of two adjacent arcs of a 
circle, lines be drawn through two given points in the oppo*- 
aite circumference, and produced till they meet, the angles 
formed by these lines will be equal. 

Given arc AB ^ 9XQ JBC, and D, E \ let AD^ BE meet 
nt F, BD, CE at F'i draw chords EG. Elf. II to AV. BD ; 
then arc ^C^ w arc DE ^ arc B/f, /. arc BG = are C/f, 
and Z BEG o/t F^ I. CEHvt F*. 

Ex. 34. ACB. ADB are ares of equal circles, on the 
same line AB^ and on the same side of iti draw any 
chord ACD cutting them both, and show that BC and BD 
are equal. 

If the arcs were on different sides of the line, they 
would make up the whole circle ; hence AACB-^-ADB 
= 2 rt. ^4 = AACB + BCD\ /. Z BCD -ZBDC. and 
BC = BD, 

Ex. 35. If circles be described on the two sides of a rig^t- 
angled triangle as diameters, they will be touched by a circle 
whose centre is the bisection of the hypotenuse, and diame- 
ter equal to the sum of the sides. 

Bisect hypotenuse BC 2X D. draw DEG^ DFIf bisecting 
AB. AC, at rt. A at E, F; then AEDF is a CJ, and DG 
= DE + £G=^AF-\'EA = FJf+DF=J>^l .% O with 
centre D, radius DG or D^p will touch the (|) at G, H^ hav- 
ing diameter = 2 DG^ zAE-^-z AF^AB + AC 

Ex, 36. The circles described on the sides of any triangle 
as diameters will intersect in the sides, or sides produced, 
of the triangle. 

Let © on AB. AC cut BCatD, E\ then ZADB-ft.Z. 
= Z AEC. which is impossibloi unless D and E coincide. 
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Ex. 37. The vertical angle of any oblique-angled triangle, 
inscribed in a circle, is greater or less than a right angle, by 
the angle contained by the base and the diameter drawn 
from the extremity of the base : and no parallelogram can 
be inscribed in a circle except a rectangle. 

ABAC=^BAD±^CAD=^ti.Z±/.CBD. Again the 
diameters of a O bisect each other, and .'. both pass through 
the centre ; hence the A of the figure must be each a it. Z. 

Ex. 38. From one extremity of a line, which cannot be 
produced, draw a line perpendicular to it. 

Given A : with any centre C, radius CA^ describe O, cut- 
ting line again at Bi produce BC to /> in this O ; AD is 
Jl to AB, 

Ex. 39. If two circles touch each other, and any two lines 
be drawn passing through the point of contact, the chords of 
the intercepted arcs will be parallel. 

Let any common chord through A cut the (D at B, C, and 
let the common diameter cut them sA D, E; then Z BAD 
=^/.CAE,2iH^n.ZABD = tt.ZACE,:.ZADB = ZAEC^ 
and the segments cut off by the line are similar ; .*. if any 
other line through A cut the <D at B't C, since ZABB' 
= ZACC\ .-. BB" is II to CC. 

Ex. 40. Given one angle, the side opposite, and the sum 
of the other two sides : construct the triangle. 

On given side AB describe a segment containing \ given 
Z, and .'. > J O, in which place AC ■= given sum ; make 
ZCBD = ZBCA', then ^-5 + Z?^ = ^C = given sum, and 
exterior /. ADB = zZACB — given angle. 

Ex. 41. Through three given points draw three lines so 
as to make an equilateral triangle. 
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Given A, B, C: on AC, jffC describe segments containing 
each an Z = J rt. ^ ; draw any line DC£ cutting these cir- 
cles ; and draw DAF, CBF; the A DEFis equilateral. 

Ex. 42. If two circles cut each other, draw through either 
point of section a line cutting both the circles and equal to 
a given line ; and hence through three given points draw 
lines, so as to make a triangle equal in all respects to a given 
triangle. 

Given A, B the centres, C a point of section : on AB de- 
scribe O, in which place (if possible) BD = } given line, 
and through C draw £CF II to BD cutting the ® ; draw 
AD/f, BG ± to EF\ then EF = 2 BD = given line. 
Again, \£ A, B, C he the 3 given points, on AC, BC describe' 
segments containing A = two A of given A, and draw DCE 
cutting them and = side adjacent to them : draw DAF, EBF; 
the A DEFis that required. 

Ex. 43. Describe a circle which shall pass through a given 
point, and touch a given line at a given point. 

Given A, and B in CD ; draw BE ± to CD, and make 
Z BAF= Z. ABE ; /"is the centre of the O. 

Ex. 44. Given the perpendicular from the vertex of a tri- 
angle to the base, the difference of the segments of the base, 
and the sum of the two sides : to construct the triangle. 

In ABy = sum of sides, take AC = difference of segments; 
draw CD X Xo AC and = given altitude, and produce it 
so that DE = CD, From centre A, radius AB, describe 
O BFG. Find centre C? of a O passing through C and E, 
and touching O BFG at F; join AO, CO-, then t. AOC 
has the sum of AO, CO — AF or AB, as required, but its 
base \& AC% .*. with centre O, and radius = the side not the 
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greater^ describe O cutting AC tt ffi then OffC is Uie te- 
quired A« 

Ex. 45. Describe an isosceles triangle, having given the 
base aogle and the pcrpendicttlar from it upon the opposite 
«idc. 

On given X» AB^ describe a segment containing giv^n ^ ; 
draw chord BC XV> AB\ bisect AC at A and draw £>M 
J. to AC, to meet CB produced: EAC is the A. 

£)L 46. Given the vertical angle, the difference of the 
sides containing it, and the difference of the segments of 
the base made by a perpendicular from the vertex i conatruct 
the triangle. 

Take AB^ difference of base segments; make 4, ABC 
^ i Si^^n /, and draw ^C = difference of sides; produce 
AC to A and make Z CBD ^LBCD ; with centre A ra- 
ditts DB = DC, describe O cutting AB, AD, at E, F\ ADE 
i» the ^ msi%CADE - zl^AFE - %4,ABC. 

Ex. 47. Given the vertical angle, the line drawn to the 
base bisecting that angle, and the difference between the 
base and the sum of the sides : construct the triangle. 

Given ^BAC, and AD\ in AB^ AC^ take AE = AF 
= J given difference; draw EQ^ FG X to AB, AC, and 
with centre (7, radius GE = GF describe Q, and through D 
draw BDC touching it at Hi then BE = Bff, CF= CH\ 
.*. difference gf sides and base ^ AE + AF^ given differ* 
ence. 

Ex. 48. Given the angles of a triangle and the radius of 
the inscribed circle : construct the triangle, 
(?/•= (pven radius; xsak,% /• FOB = ^ ^.-^ \ JL 3 \ and 



Jl 
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^,FQC^ rt.-<i- J/C; draw BFC X to OF.vsA make 
A OBA, OCA^AOBF^ OCF\ ABC » the A. 

£x. 49. Given the vertical angle of » triangle and the 
radii of the inscribed and circumscribed circles : conatroet 
the triangle. 

Take ^ BAC ^ given 4$ bisect it by ^C? «= radius of cir- 
cumscribed O ; describe O with centre 0, radius OA, cutting 
AB, AC&tB, C; bisect BC at rt. A by D£ = radius of in- 
scribed O, and with centre Ft radius £/?, describe ; draw 
BF, CF tangents to it, which must meet in circumferenee 
of former O if the problem be possible { then BFC it A 
required. 



III. — Ratios and Similar Figures. 

Ex. I. Throui^ a given point between two given lines 
draw a line, such that the parts intercepted by it and the 
two given lines may be equal. 

Given A, BC, BD\ in BA produced Uke AJS^AB; 
draw ED ii to BC ; then I>AC is the line required. 

Ex. a. ABC is an equilateral triangle, £ any point in 
ACi In BC produced take CA CF equal to CA, CJB, re- 
spectively, and let AF, DE% intersect at H\ show that 
HCxECwACiAC^EC, 

CH bisects /.ACD. \ HC is I to AB, and HC \ CF 
II AB I BF,Q% AC I EC u ffC % AC -^ EC. 

Ex. 3. If a square be inscribed in a right-angled triangle, 
one side coinciding with the hypotenuse, the base is divided 
in continued proportion. 
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Ex. 4. If ABC be an inscribed triangle, and BZ> be drawn 
parallel to the tangent at ^ to meet AC, or AC produced, 
show that AB is a mean proportional between AC, AD. 

^EAB= alt.-int LABD= tlsoZACB: .", bf dmilax 
A,AC:AB -.-.AB -.AD. 

Ex. 5. ABit divided at C, A so that AB:AC::AC: AD; 
it AE be any other line taken equal to AC, show that the 
angle BED is bisected by EC. 

Foisiace AC = AE,AB: AE :: AE : AD; .: A AEB, 
ADE are similar, and Z.ABE = ^AED; but £ ACE 
= ^AEC,kdA./.ACE = AABD,BEC\ :.ABEC = ACED, 

Ex. 6, The part of a tangent to a circle, intercepted by 
tangents at the extremities of any diameter, is divided at the 
point or contact so (hat the radius is a mean proportional 
between the two segments. 

Given AC, BD intercepting CED\ then wnce ^ COD 
= rt ^ we have CE % EO :: EO i ED. 

Ex. 7. If, in similar tnangles, from any two equal angles, 
lines be drawn to the opposite sides, making equal angles 
with homologous sides, these will have the same ralio as the 
sides on which ihey fall, and will also divide them propor- 

&, ABG, pEff are similar, as also A CBG, FEH; .'. 
BG ■. EH :: AB : DE :: AC -. DF; «aA.AG:DH'.:BG 
■■EI/:: GC: ffp. 

Ex. 8. In any Wangle, right-angled at A, it CD bt 
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drawn bisecting the angle C, show that AB : AC :: BC 
— AC I AD. 

Draw DE ± to BC\ then CA = CE, DA = DE ; and 
by similar ^ AB i AC 11 EB : EDi : BC — ACx AD, 

Ex. 9.* If two circles touch externally, the part of their 
common tangent between the points of contact is a mean 
proportional between the diameters. 

EF the common tangent, CD ± to ACB; then ED 
= CD = FD,2^diZADB = it.Z.\ :,ACi CD i: CD i BC; 
/. &c. 

Ex. 10. Given two circles which intersect : draw through 
either point of intersection a line cutting the circles, so that 
the chords intercepted may be in a given ratio. 

Divide AB at D in given ratio ; and C being point of 
section, draw ECF ± to CD, and AG, BJ/ ± to EF: then 
EC: CFii GC: CIf::AD: DB, 

. Ex. II. Inscribe in a given triangle a parallelogram simi- 
lar to a given parallelogram. 

Given O PQRS : draw AD W to BC; make Z DAE = ZF; 
take AD : AE :: FQ : PS; let BD cut AC at g, draw gp, 
qr 11 to BC^ ^^,and complete CD pqrs: thcn/j^ : AD : : Bp 
: BA :: pi : AE\ .'. pq : ps :: AD : AE :: FQ : FS, and 
^he /17 are similar. 

Ex. 12. If through the vertex and extremities of the base 
of a triangle any two circles be described so as to intersect 
in the base or base produced, their diameters will be pro- 
portional to their respective sides. 

Draw the diameters AE, AF: then /.AEB = ZADC 
^^AFC; :. by similsLT ^ AE : AF:: AB : AC, 
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Ex. 13. Constnict a triangle, having giv«n one side, 
the angle opposite to it, and the ratio of the other two 
tides. 

On given base BC describe segment containing given Z, 
and draw DE ± to BC to cut remaining segment at E ; di- 
vide BC 9X F isk given ratio, and join EF cutting O at /I ; 
ABC Is the A. 

Ex. 14. If an isosceles triangle be inscribed in a circle, 
and from the vertical angle a line be drawn to meet the cir- 
cumference and base, the rectangle of the segments of this 
line is equal to the square on either of the sides of the tri- 
angle. 

Let ADE cat O at Z> and BC Bt E; then Z ADC ^ 
ZABC=ZAC£i /. bysMk^i^ADiACttACt AE, 
0tAD.A£^AC*. 

Ex. 15. Within a given circle place ^ equal circles 
touching one another and the given circle; and show that 
the interior circle which touches them all is equal to each 
of them. 

Take AB the side of a regularly inscribed hexagon ; pro- 
duce OB, making BC^^AB: draw Ba, ad ti to CA^ A3: 
thenby similar ^,a^ i Bbii AB : BC : : 2 : i; .'.(^described 
with centres a, 6, radii aA, M,will touch each other and the 
given O ; also OB = AB= 2 BC, .'. Oa^ 2 Aa, and O, 
centre O, radius = Aa, will touch them all. 

£^. 16. Find a point without a given circle, such that 
the sum of the two lines, drawn from it touching the circle, 
shall be equal to the line drawn from it through the centre 
to meet the circle. 

Take diameter AOB} draw AC X to AB ^ i AO, and 
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drftw tangent DCE cutting AB at E ; then by similar ^ 
EA^\ ED, and EA.ED = EI^, /. ^^ « 2 ^Z?. 

Ex. 17. ^^C is an isosceles triangle ; draw AD perpen* 
dicular to the base, and DEF, cutting AB, AC, at E, P\ 
then ADiDEmAB'{'AFi AB-^AF. 

Draw FG ± to ^C; then ED : FG :: BD : BG and 
/•C : ^Z> :: CG : CD; /. -£/> : AD :: CG : BG :: BD 
^DG : BD-k-DG n BE'^EFti BE -k- EFi; BA--AF 
f ^^ + AF. 

Ex. 18. From an^ point A tangents /'>4, FB are drawn 
to a circle, and ^C is drawn perpendicular to the diameter 
BD: show that AC is bisected by PD at E. 

By similar A, CE i CD :t FBz BD, txiA CD : CA : : OB 
I FB; /. CE :CA ttOB: BD i : I : 2. 

Ex. 19. AD is drawn bisecting the vertical angle of a 
triangle, and cutting the base BC zt D; in BC produced 
take a point E, equally distant from A and D, and show 
that BE ; DE : : DE : CE. 

CACE^A CAD, ADC « A BAD, DAE = Z BAE ; .-. 
by similar ▲ BE.EC *= AE? ^ DE*, or BE : DE : : DE 
ICE. 

Ex. do. If through the bisection of the base of a triangle 
any line be drawn, cutting one side of the triangle, the other 
produced, and a line drawn parallel to the base from the 
vertex, this line shall be cut harmonically. 

Let the line bisect ^C at D, and cut AB, AC, and the 
line through^ A li to BC, at E, F, G; then GE : GA 
: : DE : DB, and GA : GFi: DC: DF; .'. GE : GF 
:iDE: DF. 



Il6 GEOMETRICAL EXERCISES. 

Ex. 21 . If four diverging lines cut a straight line harmoni- 
cally, they will cut any other intercepted line harmonically. 

Let BCDE be any other line ; draw Bcde li to given line, 
and .'. also cut harmonically ; and let FDH li to Be cut A C, 
AE, 9X F,H\ then by similar ^ BE i Be :: DE : DH^ and 
de\dc\\ DH : DF^ and Be \ BC \x DF \ DC, and (hyp.) 
Be: Be iideidc\ :, BE i BC ii DE i DC, 

Ex. 22. If from the angle A of any parallelogram any line 
be drawn cutting the diagonal at E, and the sides BC^ CD^ 
at Ff show that AE is a mean proportional between EF, EG, 

By similar &^ EG i AE ii ED : EB n AE i EF, 

Ex. 23. CAB, CEB, are two triangles which have a com- 
mon angle B, and the sides CA, CE, equal : if, in BE pro- 
duced, there be taken ED, a third proportional to BA, AC^ 
then will the triangles BDC, BAChe similar. 

BA: AC:i AC (or EC) : EDj ,\ ^ BAC, CED are 
similar, and thence also ^ BAC, BDC mzy be shown to be 
similar. 

Ex. 24. Construct an isosceles triangle equal to a given 
scalene triangle, and with the same vertical angle. 

Produce BA, making AD = AC; on BD describe O, and 
draw AE± to BD; then AE* = BA. AD ; hence, if in ^^, 
AC, we take AF, AG, each = AE^ the ^ AFC, ABC will 
be equal. 
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IV. — Areas. 

Ex. I. If two sides of a triangle be produced, the lines 
which bisect the two exterior angles and the third interior 
angle meet all at one point. 

Produce CA, CB to /' and t7; bisect A FAB, ABG by 
AD, BD ; draw DE ± to AB, and DF^ DG JL to CA, CB, 
Prove DE = DG, and similarly DE = DF, .\DF^DG\ 
then, since DF* + FC* = CL^ = DC^ + GC*^ .\ FC^GC; 
hence ^ FCD = Z GCD, 

Ex. 2. Find a point in the diagonal produced of a square, 
from which if a line be drawn parallel to any side of the 
square, and meeting another side produced, it will form, with 
the produced diagonal and produced side, a triangle equal 
to the given square. 

In AB produced take AE = diagonal AC\ let EF, It to 
BC, meet AC at F\ draw EG ± to AF\ then A AEF 
= 2 A AEG = 2 A ABC = ABCD ; :. F \& point required. 

Ex. 3. The area of a trapezoid is half that of a parallelo- 
gram, whose base is the sum of the two parallel sides, and 
altitude the perpendicular distance between them. 

AD II to BC', in BC produced take CE = AD-, com- 
plete O ^^i?/S and draw DG, CH II to AB\ then O AG 
= O HE, and A DGC = A DITC; .'. figure ABCD = fig- 
ure DCEF = \AE=\CJ whose base BE = AD + BC, 
and altitude = that of trapezoid. 

Ex. 4. On the sides AB, AC of a. triangle describe par- 
allelograms ABDE, A CFG, and produce DE, FG to meet 
at //; then the area of these parallelograms together is 
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equal to the area of the parallelogram on BC, whose side 
is equal and parallel to AH, 

Let BK, CI^ II to AH, meet />//, FH KiK.Li join XL 
cutting AH at M\ then AJC, AL are W, .'. BK-AH 
-CL,Bnd^\BCJ:jr^ihtCJonBCi wx^OAD^O AK 
=^OIBM, 9jaAOAF-CJ CM, 

Ex. 5. Upon a given base describe an isosceles triangle 
equal to a given triangle. 

Given A ABCi bisect BC at D, draw DE X Xo BC Xo 
meet a line through W 11 to BCi EBC is the A required. 

EaL 6. Show that the perimeter of an isosceles triangle 
is less than that of any other equal triangle upon the same 



Let ABC be an isosceles A, DBC any other equal Z^ 
AD II to BC\ draw BE JL to AD, and produce making EF 
^BEi jom AF, DF\ then CAF is « straight Ime, and 
FD + DOFC, ckBD + DC>BA'¥ AC. 

Ex. 7. From a given point in one of the equal sides of 
an isosceles triangle, draw a line meeting the other side pro- 
duced, which shall make wifk these sides a triangle equal 
to the given triangle. 

Given Z> in i4^ ; draw^^ tOi4C,ll toi^C; thenAZ>C£ 
-ADCB; :.AADE = AABC. 

Ex. 8. If one angle of a triangle be a right angle, and 
another be two-thirds of a right angle, show the equilateral 
triangle on the hypotenuse is equal in area to the sum of 
tiioae on ibt sides. 

Given ZA=zitAZB-iTi.A AFB, AEC, BDC the 
▲ ; then Z ABD b rt Z, and DCE is a straight line ; draw 
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OG.CH^AK l.\o BD,AE,BF\ WntL t^BDC-2 t^CBG 
= 2 A ABC = 2 A ACH + 2 A AKB (since A ABC 
= \ OBCHK) = ^A£C + AFB. 

Ex. 9. Convert a trapezoid into a triangle of e^ual area 
with one angle common ; and hence show how to transform 
any rectilineal figure into a triangle, whose vertex shall 
be in a given angle of the figure and base in one of the 
sides. 

AB II to CD ; draw D£ to BC, II to AC; then A ACD 
= AAC£, and A AB£ = figure ABCD. 

Ex. 10. Given a triangle ABC and a point JD in AB : 
construct another triangle AD£ equal to the former, and 
having the common angle A. 

Given Z> in AB; draw B£ to AC, II to DC; then A DBC 
= AD£C, and A ABC = A AD£. 

Ex. 1 1. Change a triangle into another equal one of given 
altitude. 

Draw BD JL to BC, = given altitude ; let D£, II to BC, 
cut AB at £ ; make A B£F = A ABC, and then a^^ A, on 
brae :^/% and with vertex in D£, will = A ABC. 

Ex. 12. In any given line, AB is taken half of AC: if 
through ^1 C parallel lines be drawn, cutting any other line 
through A at D, £, then AD is half of A£, and BD of C£:, 
and the triangle ABD a fourth of the triangle AC£; and, 
conversely, if BD be such that AD is half of ^^, then BD 
js parallel to C£. 

Draw DF II to ^C; then DF = BC = AB, and also II to 
AB, .-. BF is II to A£, and AD = BF^D£, CF - BD 
= /S, and A ABD =\AAC£; conversely, since AB^BC, 



I20 GEOMETRICAL EXERCISES. 

t>.ABD-L.CBD\ but if AD — DE^ t^ABD^t^EBD^ 
which .-. = A CBD ; hence BD is II to CE. 

Ex. 13. If two exterior angles of a triangle be bisected, 
the line drawn from the point of intersection of the bisecting 
lines to the opposite angle of the triangle will bisect it. 

Let lines bisecting ext A. zX B, C meet at D, and draw 
DE, DF, DG, ± to BC, AC, AB ; then in ^ DBG, DBE, 
DG^DE^ DF\ also AL^ = AG* + DG^ = AF^ + DF*, 
:,AG = AF; .-. ia^AGD, AFD, Z GAD = Z FAD. 

Ex. 14. If a line be drawn from one of the acute angles 
of a right-angled triangle to the bisection of the opposite 
side, the square upon that line is less than the square upon 
the hypotenuse by three times the square upon half the line 
bisected. 

Given Tt,ZBAC, and BD the Une ; then BC* = BA* 
+ AC^=^BA*-¥^ AL^ = BL^ + 3 AL^, 

Ex. 15. If from the middle point of one of the sides of a 
right-angled triangle a perpendicular be drawn to the hy- 
potenuse, the difference of the squares on the segments so 
formed is equal to the square on the other side. 

Given .4Z) = />C; draw Z>^ ± to ^C ; then ^/5* = ^jE* 
+ EL^, CI> ^CE^ \ EL^', .-. BJ^±C£^ = BD" ± CL^ 
= BE^ ± AL^ = AB, 

Ex. 16. Let AOB be a quadrant of a circle whose centre 
is O ; from any point C in its arc draw CD perpendicular to 
OA or OB, meeting at E the radius which bisects the angle 
AOB\ then show that the squares upon CD, DE, are to- 

DE, and OL^ 
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Ex. 17. If from any point in the diameter of a semicircle 
two lines be drawn to the circumference, one to the bisec- 
tion of the arcy and the other perpendicular to the diameter, 
then the squares upon these two lines are together double 
of the square upon the radius. 

Given C in diameter, A OB, CD, CE the lines ; then CL^ 
+ C^ = ((?C« + OLT + (^OB - OC^^ = 2 OL^, 

Ex. 18. \i A be the vertex of an isosceles triangle ABC^ 
and CD be drawn perpendicular to AS, provA that the 
squares upon the three sides are together equal to the square 
on BDy and twice the souare on AD^ and thrice the square 
on CD, 

ABf + AC^+BC* = 2 AC* + EC* = 2 {AL^ + CLT) 
+ (JBL^ + CL^^ = BL^ + 2 AL^ + 3 CL^, 

Ex. 19. If from any point perpendiculars be dropped on 
all the sides of any rectilineal Hg^re, the sum of the squares 
upon the alternate segments of the sides will be equal. 

Take a A ABC^ and from P draw PD, &c. ± to AB^ &c. ; 
ikif^vi AL^ ^ DP* ^ AP* ^ AF^ + FP*, B^ + EP* = BP* 
= BL^ + DP*, CF^ + FP* = CP* = C£* + EP^\ /. AL^ 
+ BE* + CF* = AF* + BD^ + CE*. 

Ex. 20. Divide, when possible, a given line into two parts, 
so that the sum of their souares mav be equal to a given 
square. 

Given AB ; make Z ABC = J rt. Z, with centre A, radius 
= side of given square, describe O cutting, when possible, 
BC at C, and draw CD ± to AB; then AD^ + DB* = AD^ 
+ DC* = AC*. 

Ex. 21. From D, the middle point of AC, one of the 
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sides of an equilateral triaxigle ABC, drav DE perpendica- 
lar on BC\ and show that the square upon BD i& three* 
fourths of the square upon BC^ and the line BE three- 
fourths of BC. 

BD'\%±xoAC\ /. bl^ = bc*-cj:^ = bc*-\bc* 

- I BC*i and since ^^ is ± to VEF^ a side of the equi- 
lateral A on BD^ we have B& = f BU^ = ^ BC*; /. BE 
= iBC. 

Ex. 22.. Produce a given line so that the rectangle of the 
whole line produced and the original line shall Ve equal to 
a given square. 

Given AB ; draw BD ± to AB, and with centre A, radius 
=: side of given square* describe O cutting, if possible, BD 
at D, and draw £>£ X to ADi then EA.AB == AI^. 

Ex. 23. If on the radius of a circle a semicircle be de- 
scribed, and a perpendicular to the conunon diaioeter be 
drawn, the square on the chord of the greater circle, betweea 
the extremity of the diameter and the point of section of the 
perpendicular, will be double of the square on thtf^ corre? 
sponding chord of the lesser circle. 

A OB the common diameter ; from C in OA draw CDE 
±to AB; thenA£* = AB,AC= 2A0.AC=2A£^. 

Ex. 24. Divide a straight line into two parts so. tha^ the 
sum of their squares may be the least possible. 

Bisect AB at C; then if /> be pother point in AB, AL^ 
+ DB =zAC* + z CZ^, and /. AI>^ + VB* is least, when 
CD is least, or D coincides with C, &e bisectipn of AB.. 

Ex. 25. If a line be divided into two equal and also into 
two unequal parts, the squares Qn the two uiiequal pskf^ ^^ 




toge^icr eq«al lo tiwijce th^ rectaogle contaiiKed by these 
parts, together with Cow; twes^ the square d^i t]^e Use l^tween 
the points of section. 

Given C the bisection, D any other point, of AB ; then 
A£^ = A£^ + Z>£^ + 2AD,DB, and also = 4^C«= 2(^Z^ 

£ju 1^.. If &on^ o^e of the equal angles of an isosceles 
triangle a. pecpeBcUpalar be <ibopped on the opposite side, 
the feetaogle of that side and the segment of it be^weeii the 
perpendicular and base is equal to half the square upQo the 
base. 

l>s«mBJ^Xi<!^ACi iii^Jk 4 C*=^A£^-¥BC* "2 A C.CDi 
.\AC.CD = ^BC*. 

Ex. 37. If ^ Slides ef a triaiigle be as 2, 4, 5^ shqw 
whether i% will be acute ox obtuse angled. 

SinQQ ^ (or 95) >4* 4* 2* (or ao), the i^ opposite tHe side 
represented by 5 will be obtuse. 

I Ex. 8S« If OBe vkgle of a triangle be four-thirds of (i 
right angles the square on the side subtending that angle 
i^ equal to the sum of the squares on the sides containing it, 
together with the rectangle contained by these sides. 

Given ZBAC= ^rt,/.; draw BD ± to AC; .'. Z BAD 
= i ti. A wd AI> = i AB; ,'. BC* = BA* + AC* 
+ a CA.Al> ^B^-^AC*-Jh BA.AC. 

Ex. 29. If from the right angle of a right*angled triangle 
Unes be drawn to th^ opposite angles of the square described 
on the hypotenuse, the difference of the squares on these 
lines is equal to the difference of the squares on the two 
iidM of thA triangle. 
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BDEC the square on BC\ produce DB^ EC to meet at 
/r, C, a line through ^ II to ^C ; then ^/^ = ^^ + -^^ 
+ 2 BD.DF, AE*^AC* \ CE} ^r 2. CE.EG% /. A£^ 
±A^^A£^±AC\ 

Ex. 30. Produce one side of a scalene triangle, so that 
the rectangle contained by it and the part produced may be 
equal to the difference of the squares on the other sides- 
Given A ABC; draw CD ± to AB, and produce AB to 
F,makmg BF= AD-DB; then AC*— CJE^^Al^—DE^ 
= {AD + DB^ {AD - DB) = AB^F. 

Ex. 31. Any recUngle is half the rectangle contained by 
the diagonals of the squares upon its two sides. 

Given AB, BCKtl one line ; on ^4 C describe square ADEC^ 
and draw ^Z* to CD II to AD\ then CL^ = F£^ -^ FC* •¥ 
2FCFD',OT2AC*^2AE^+2BC*+2FC.FD;hvLtiAC* 

= 2 AE^ + 2 BC* + 4 AB.BC; FC.FD = 2 AB.BC. 

Ex. 32. If from any point within a rectangle lines be 
drawn to the angular points, the sums of the squares upon 
those drawn to the opposite angles will be equal. 

Given Ey let A C, BD, cut at F\ then A^ + C£* = 2 AF* 
+ 2 EF* = 2 BF* + 2 ^/?« = ^^ « + Z?^. 

Ex. 23' The squares on the diagonals of any quadrilate- 
ral are together double of the squares on the two lines join- 
ing the bisections of the opposite sides. 

E,Jcc., the bisections of AB, &c.; then EFGH'v&O^ and 
^C^2EF,BD= 2EFf, .•.y^C* + ^Z;« = 4iB/^ + 4£^ 
- 2EF* + 2 cm -f 2 £Fn •¥ 2FG^= 2 EG^ + zFH*. 

^ 34. If Zlff be drawn parallel to the base BC kA an 
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isosceles triangle ABC^ then the square on BE is equal to 
the rectangle of BC^ CD, together with the square on CE, 

Draw DF, EG ± to BC\ then BE* = EC* + BC* — 
2BC.CG = EC* + BC {BC- 2 CG) = EC* + BCJDE. 

Ejc. 35. The squares on the diagonals of a trapezoid are 
together equal to the squares on its two parallel sides, with 
twice the rectangle contained by its parallel sides. 

Draw AEy BF 1. to DC ; then (i?, /; both within DC) 
AC* = AL^ + CD^ - 2CD,DE, BD^^BC* + CZ;»- 
CD.CF; :. AC* + BD* = AL^ + BC* + 2 CD (CD-DE 
— CF) = AL^ + BC* + 2 CD,AB, 

Ex. 36. If two points be taken in the diameter of a cir- 
cle equally distant from the centre, the sum of the squares 
on two lines drawn from these points to any point in the 
circumference will be constant. 

Given points C, D in diameter A OB; then, E being in 
circumference, Cfi* + />-£* = 2 OC* + 2 OJ^, which b con- 
stant 

Ex. 37. Two parallel chords in a circle are respectively 
six and eight inches in length, and are one inch apart : how 
many inches in length is the diameter? 

OBD is ± from centre O on semichords AB, CD ; OD 
= jr; then OC = jc* + 9= OA*^ (*— 1)*+ 16; .*.jr = 4 
and diameter =: 10 in. 

Ex. 38. Given the area and hypotenuse of a right-angled 
triangle : construct it. 

Bisect hypotenuse AB at C; on ^6* describe a rectangle 
r= given area ; and on AB describe O cutting side of rect- 
angle at D\ then A ADB = 2 A CDB =5 rectangle on BC 
= given area. 



ta6 

Ex. 39. Given (he ana, one angle, and a line drawn 
from one of the olhen, bisectinf the opposite aide : conilriet 
the tnantle. 

On given line AB describe a legmeat containing given £, 
and also a rectangle = given area, whose side (when possi- 
ble) cuts the segment at C; in CA produced nuke AD = 
AC; AC£> is the A required. 

Ex. 40. Describe a circle which shall toneh a given line, 
and pau through two given points on the same side of the 

Join A, B; and if the given line be II to AS, bisect AB 
at It. 4 tqr CZ>, meeting given line al D, and make Z DAE 
= LADC; E is the centre required: but if not, let AB 
produced meet the given line at C; and on given line take 
CZ) the side of a square = ^C.CS, the required O will pass 
through the points A, B, D. 

Ex. 41. Describe a circle that dull toitch a given circle, 
and pass through two given points that are both within or 
both without the given circle. 

Through A, B, the two pven point*, describe O cuttii^ 
given Q at A and f ; join AB, DB, and if these are II, a i. 
lint of AB will pass through the required 
omference: but if not, produce to meet 
'a tangent to given O- The O tluoH|^ 
e required, because AF.FB = DFJ^E = 



the ceatre of a circle a line be drawn to 
ord of an arc, tbe sqaare on that line, to- 
tangle of tbe s^ments of the chord, wiJi 
are on the radius. 
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Given centre O, and C in chord AB* di9X J?C£ X to 
OC; then AC.CB = DC* = 0£^- be*; :.0C* + 4C.CB 

Ex. 43. If there be any three circles in a plane, and, 
through the centres of every two of them a circle be de- 
scribed touching the third, the lines joining the centre of 
each of the circles with the point at which the circles pass- 
ing through it intersect, will meet at the same point. 

Given A, B, C the centres, and a, d, c the points of inter- 
section; let Aa, Bb, cut at Z>; and let CD (suppose) cut 
arc Aa at E, arc Bb zXF\ then CDS>E = ADMa-^BDMi 
= CD,DF\ .'. E and F coincide at c, 

Ex. 44. The circle described through any two of the an- 
gular points of a triangle and the intersection of the per- 
pendiculars from the angles on the opposite sides, wiU btt 
eq.ual to the circumscribing circle of the triangle. 

Describe O through B, C, G; then {BD,C£ is ± on BA, 
AB) AEAD-}- EGD = ABAC-\- BGC=2Tt,A; .'.re- 
maining segment of O BGC contains an Z = ^ BAC, and 
being on same base BC must = segment BAC; the whole 
QBGC= whole Q BAC. 



V. — Regular Figures. 

Ex. I. The square on the side of an equilateral triangle 
inscribed in a circle, is triple the square on the side of the 
regular hexagon inscribed in the same circle. 

Bisect /. ABC by diameter BOD; then AD = si4e of 
hexagon = DO; and AB* = BD^—AD^ = 3 AZ^. 
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Ex. 2. Inscribe a square in a given right-angled isosceles 
triangle. 

Trisect hypotenuse ^C at Z?, £, and complete rectangle 
£>FG£ ; then, since A DBF is equiangular to A ABC, DF 
= DB = DE, and DFGE is a square. 

Ex. 3. Through two given points describe a circle touch- 
ing a given circle; and show that, of all lines that can be 
drawn from the two points to meet the convex circumfer- 
ence, those drawn to the points of contact thus obtained will 
contain the greatest possible angle. 

Through A, B describe any O cutting given O at C, Z> ; 
let AB, CD meet at E^ and draw jE", F touching given O; 
then EF* = EC. ED = EA.EB, and the O described 
through A, B, F will touch the line EF, and .*. the given O. 
Again, take any other point C in the given O; and let AC 
cut the tangent at Fai G\ iht.ViZ.AFB>Z.AGB<AACB. 

Ex. 4. The area of an inscribed regular hexagon is three- 
fourths that of the one circumscribed about the same circle. 

^^ side of inscribed hexagon; draw tangents AC, BC, 
and AD, BD bisecting rt. A OAB, OBA; let ODC cut AB 
at E\ then Z DAO = Z DOA, and Z DAC = Z.DCA\ ,\ 
DO = DA = DC, and CE = ^CD = J OC; :. A AOE = 
^AAOC&c, 

Ex. 5. Upon a given line as diagonal describe a rhombus, 
so that two of its angles shall be double that of the other 
two. Hence show how a right angle may be trisected. 

Bisect AB at C, and on AC describe equilateral A ADC, 
about which describe O ; draw CE X to AB; then Z AEC 
= Z ADC = i rt. Z.= 2 ^ EAC, &nd AE, EB are sides of 
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the rhombus ; also drawing AFl. to AB, the rt. Z BAF is 
trisected by AD^ AE. 

Ex. 6. The centres of the inscribed and circumscribed 
circles of an equilateral triangle coincide, and the diameter 
of one is double that of the other. 

The line bisecting Z A bisects also BC, and if OA = OB 
= OC, we have also 0D= OE- 0F\ also AO = 2 OD. 

Ex. 7. The lines joining the alternate angles, or the in- 
tersections of the alternate sides, of a regular pentagon, will 
form another regular pentagon. 

Join AabC, BbcD, &c.; then ^BAC- A ABE, .*. Aa = 
Ba^KoAZAac^^ 2Z.ABE— 2 A AEB — A Aea \ :.Aa = 
Ae = Ba = Ee, and the k^ Aae, Bab, &c., are isosceles and 
equilateral, .'. ae = ab = &c., and Z eab = Z abe = &c. 
Again, let EAy CB meet at A'y AB, DC at B*, &c.; then, 
since AB = AE, &c., and A at base are =, the ^ A'AB, B'BC, 
are equal and equilateral; .'. ^ A*BB\ A*AE', &c., are 
equal and equilateral ; .'. A'B = A'E', &c., and Z E'A'B' = 
Z^'-5'C',&c. 

Ex. 8. Inscribe in a given circle a rectangle equal to a 
given rectilineal figure. 

On diameter AB describe rectangle A BCD = given fig- 
ure ; let CD cut, when possible, the O at E; then rectangle 
AEBF= 2 A AEB = rectangle ABCD = given figure. 

Ex. 9. Inscribe the least possible square in a given 
square. 

If AA' = BB' = &c,, the figure A'B' CD' is a square, 
and A'C'*= 2 A'B'*; now A'C*, and .'. A' A'* is least when 
the sides are bisected, or A'C = AB. 
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Ex. lo. Describe a circle whicli sbaU pass though one 
angle and touch two sides of a given square. 

Given Z y< and BC, CD ; bisect A SAC, DAC by AE, 
AF, and draw £0, FO X. to BC, CD ; then external Z COE 
(= J rt. Z) = 4 OAE, OEA, and Z 0^-£ = J rt. Z, .• 
Z OEA ^ \Ti. Z^ukd 0E=^ OA- OF. 

Ex. II. If ABCDE be a regular pentagon, show that the 
angles ABE, BCA, CDB, DEC, EAD, are together equal 
to two right angles. 

These A = each the Z at circumferetue on one aide of 
figure ; .*. together they = I 4 at anirt oa the 5 »d^ - 
9rt. A. 

Ex. la. Given a regular pentagon : describe a triangle of 
the same area and altitude. 

Draw BF, EG W to AC, AD ; then A AFC = A A^C, 
t^AGD^ t. A ED, :. A AFG 5= pentagon ABCDE. 

Ex. 13. If two diagonals of a regular pentagon be drawn 
cutting one another, the larger segments will be each equal 
to a side of a pentagon. 

Let AC, BD cut at F-^ then external Z AFB = i* at cir- 
cumference on arcs AB and CD = j^ BDE ; .'. ^C is U to 
DE, and, simiUrly, ^^ is II to BD\ ?uid .-. AF^ DE = 
4E = DF. 

Ex., 14. Divide a right angle into five equal parts. 

Given rt. ^ ^^ C\ construct an isosceles A BAD, vrith A A, 

D, double of Z. £\ and divide Z BAD, by double bisection, 
#ntp 4 = 4. 

£x. 15. xixe opposite aides of » regular bex^go^ ^ur^ 
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parallel : and if any two sides of an inscribed hexagon are 
parallel to two other sides, the remaining two will also be 
parallel. 

= &c., and ABDE is equiangular, and .'. a O : hence AB 
is II to DE, Again, since AB is II to DE^ A ABE = Z BED ; 
and since AF is II to CZ>, arc w4 C = arc DF^ and Z. ABC = 
/. DEF\ :. Z CBE = Z BEF, and -ffCis II to EF 

Ex. 16. Inscribe a regular hexagon in a given equilateral 
triangle, and compare its area with that of the triangle. 

Trisect AB, BQ CA at A £, ^* G, H, K\ the figure 
DEFGHK is a regular hexagon, whose area = } of that of 
the triangle. 

Ex. 17. Let AB, CD, two alternate sides of a regular 
polygon, be produced to meet at E : show that the figure 
A ECO can be inscribed in a circle, O being the centre of the 
polygon. 

Draw OF, OG ± to AB, CD; then Z COG = Z. AOF, 
/. A AOC, AEC = A FOG, FEG =2rt.A. 

Ex. 18. If i?, r, be the radii of circles described about 
And in a regular polygon, and J^', r', the corresponding 
radii for a regular polygon of same perimeter, and twice the 
number of sides, show that r' = J {R •\- r), and R** = Rr', 

Given side AB of first polygon ; bisect it at rt. A by COD, 
cutting circumscribed O at D, and draw OE, 0F± to AD, 
BD; then since AD, BD are bisected, EF= J AB, and is 
a side of the second polygon; .*. if DO cut EF zt G, r* = 
DG=\DC=^\ (^DO + C?C)= J (^+ r), and R'^^DE} 
= DO.DG=Rr'. 
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I. — Rectilinear Figures. 

Ex. I. Prove that the sum and difference of two lines are 
together equal to twice the greater line. 

Ex. 2. AB is bisected at O, and P is any point pro^u^td 
through ^ or ^ ; prove that \ {AP + BP) = OP, 

Ex. 3. If ten lines meet in « point, and make fiqual an* 
gles with other, find each angle. 

Ex. 4. Of two supplementary angtes, the greater is four 
times the less. Find each angle. 

Ex. 5. Prove that the bisectors of the four angjes which 
one straight line makes with another form two straight lines 
perpendicular to each other. 

Ex. 6. How many diagonals ean be drawn in 4 polygon 
of 20 sides? 

£x. 7. Find the sum of the angles in a pQtjrgoa Qf 8 
sides ; of 10 sides ; of 12 sides ; of 20 sides. 

135 
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Ex. 8. If the polygons mentioned in the preceding exer- 
cise are equiangular, find the value of each angle. 

Ex. 9. Two angles of a triangle are together twice as 
great as the third ; find all three angles. 

Ex. 10. In a polygon of 12 sides each successive angle 
is i^ 20' more than the preceding ; find all the angles. 

Ex. II. Find the angles of a quadrilateral in which three 
angles are equal, and each of these three times as great as 
the fourth. 

Ex. 12. The exterior angle of an equiangular polygon is 
one-third of a right angle ; find the number of sides in the 
polygon. 

Ex. 13. In an isosceles triangle the angle at the vertex 
is one-fourth one of the base angles ; find the three angles 
of the triangle. 

Ex. 14. Enumerate all the cases in which three given 
parts out of the six parts of a triangle determine the triangle. 
Also the cases in which three given parts do not determine 
the triangle. 

Ex. 15. Construct a triangle having given two sides and 
•the angle opposite the less side. How many solutions are 
there to this problem? When is the problem impossible? 

Ex. 16. If in a right triangle one of the acute angles 
is twice the other, the hypotenuse is twice the smaller 
leg. 
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Ex. 17. State and prove the converse to the preceding 
exercise. 

Ex. 18. The line that joins the vertex to the middle point 
of the base of a triangle is less than half the sum of the 
three sides. 

Ex. 19. If any two points of two parallel lines are joined 
by a straight line, and this line is then bisected, every straight 
line drawn through the point of bisection and between the 
parallels is also bisected at this point. 

Ex. 20. Draw a straight line through a given point, so 
that it shkll make a given angle with a given straight line. 

Ex. 21. Draw a straight line through a given point, so 
that the parts intercepted between the points and the sides 
of a given angle shall be equal. 

Ex. 22. In an equilateral triangle construct another, such 
that one of its vertices shall be a given point in one of the 
sides of the first triangle. 

Ex. 23. Construct an isosceles triangle such that its ver- 
tex shall be at a given point, its base shall have a given 
length and shall lie on a given straight line. 

Ex. 24. Two parallel lines and a point are given ; con- 
struct an isosceles triangle having the point for vertex, and 
such that the extremities of its base shall lie in the parallel 
lines, while the base itself shall make a given angle with the 
parallel lines. 
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Ex. 215. iVo lines are givefn in length and position ; find 
a point which shall be the common vertex of isosceles tri- 
angles constructed upon the two lines as bases. 

Ek. 26. Place three fines of given lengths together so 
that they shall coincide at one end, and the other ends 
shall lie in a straight line at equal distances from each 
other. 

In a triangle ABC^ let A, B^ and C denote the angles, 
a, 3, and c respectively the opposite sides, h the altitude 
CD upon AB taken as base, / and q the two parts BD 
and AD into which AB is divided by the point D, Also let 
m denote the line drawn from C to the middle point E 
of AB^ w the length of the bisector of the angle C meas- 
ured from C to the point F where it cuts AB ; lastly, let 
BF = Uf AF = ». If the triangle is a right triangle, 
let C be the right angle ; if obtuse-angled, let A be the ob- 
tuse angle. When necessary let it be understood that a is 
greater than b. 

Construct a triangle having given — 



£x. 27. 


a, b, h. 


28. 


bf Af B, 


29. 


b, hy /. 


30. 


by h, C, 


31. 


A q, h. 


32. 


hf Af B, 


33. 


k, Cy B. 


34. 


k, c, b. 


35- 


a-\- b.h^B. 


36. 


a — by h. A, 


37. 


hy ftty'C, 


38. 


py Vty b. 



Ex.39. 


ky W, C, 


40. 


ky Wy a. 


41. 


tn, by c. 


42. 


niy c, B, 


43. 


Wy By C. 


44. 


Wy by A, 


45- 


P-- 9» ^t ^' 


46. 


p — qyay b. 


47- 


/ — y, «, A. 


48. 


ay by A — B, 


49. 


ayA — Byp'-q. 


50- 


P^^i ^i B, 
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Note.— In Exercises 45^50, A is obtuse, q must be reguded 
as u^iative, and / + 7 must be written in place of/ — q. 

Construct a right triangle having given — 

£x. 51. hf a, Ex. 57. c^byA, 

52. A, /. 58. a — b^c, 

53. h,A, 59. a — b,A. 

54. tf + ^, f . 60. r — 3, tf . 

55. ^ + ^, .^. 61. c — b^A, 
56w f + ^, fl. 62. 41 + .^ + <, i<. 

Con^trudt a triangle 'having given — 



Ex.63. 


a + *, r, C. 


Ex.78. 


IT + r — bfjif B. 


64. 


a + 3, tf, i^. 


79. 


a + ^— ^, k. A, 


65. 


tf + ^, ^j C 


80. 


a'hA,b, B. 


66. 


tf + ^ <, ^ — -5. 


81. 


a—h.A.B, 


67. 


a — byC, B. 


82. 


a.hyp — q. 


68. 


a — b,c, C, 


83. 


a '\- hy p — q, B. 


69. 


a — bfC, A, 


84. 


a^ b,p — qy B, 


70. 


a — bf A, B, 


85. 


a-^rb.P'-q.C. 


71- 


a^b, c, A — B, 


86. 


a^-b.p—^.A-B, 


72. 


c-^-b/A, B, 


87. 


u, V, A, 


73. 


c — ^, «, ll. 


88. 


u,v, A — B, 


74. 


a-\- b,A — B,C, 


89. 


u,v, a — b. 


75. 


a-h b-h c,A,B, 


90. 


u, B, a-— b. 


76. 


tf + b-\- c,A—B,C. 


91. 


u. A, a — b. 


77- 


a-i- b + c,A,B, 







Note. — In order to solve Exercises 27-91, draw a triangle, 
and assume it to be the triangle required ; then find from the 
given data an auxiliary triangle in which three parts such that 
ihey determine the triangle shall be known. Construct this aux- 
iliary triangle by the ordinaiy rules; then construct the triangle 
required. 
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The following auxiliary triangles will be found useful : — 
z. On DBXaktDG — DA\ A BCG has the parts a. b,p — q, 
jM* — A,B,A — B. 

a. Produce BC making CH^ CA\ A BHA has the parts 

3. On C9 take CJ = CA\ A BJA has the parts a— h, c 
4(^-^),90<»+4C.A 

4. Produce CA making AK= a — i\ A ^^A'has the parts 
« — ^ tf. 4 (-4 - -ff). 96» - 4 C. i8o» — A, 

5. A BHG has the parts a + b,p—q,^-\- \ C,k{A^B),B. 

6. A ByF has the parts », v, a — ^, x8o<> — ^, ^, ^ ~ ^. 

Ex. 92. If from a point in the base of an isosceles tri- 
angle perpendicular lines are drawn to the two sides, their 
sum is equal the altitude of the triangle if one of these 
two sides is taken as base. 

Ex. 93. If from a point inside an equilateral triangle per- 
pendicular lines are drawn to the three sides, their sum is 
equal to the altitude of the triangle. 

Ex. 94. The bisectors of the four angles which the diag- 
onals of a parallelogram make with each other meet the sides 
of the parallelogram in points which are the comers of a 
rhombus. 

Ex. 95. The middle points of the sides of a rectangle 
are the comers of a rhombus. 

Bjc. 96. The middle points of the sides of a rhombus 
are the comers of a rectangle. 

Ex. 97. If the middle points of the sides of any quadri- 
^teral, taken in succession, are joined by straight lines, the 
resulting figure is a parallelogram. 
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Ex. 98. Place a line of given length between the sides 
of a given angle so that it shall be parallel to a given Une. 

Ex. 99. Find a point in one side of a triangle from which 
the lines drawn to the other sides, and parallel to them res- 
pectively, shall be equal. 

Ex. 100. A trapezoid whose non-parallel sides are equal 
is divided by the two diagonals into four triangles, of which 
the two having for bases the non-parallel sides are equal, 
and the other two are isosceles. 

In a trapezoid A BCD, let a denote the longer of the two 
parallel sides BCyb the shorter, AD\ also let AB = r, DC 
^ dy AC = ey BD — f, the altitude of the trapezoid = h\ 
let, also, Ay B, C, D d^ote the angles of the trapezoid, m 
the acute angle of the diagonals, n the angle CBD, Con- 
struct a trapezoid having given — 

Ex. loi. abcB, Ex. 116. nBad, Ex. 131. hacf. 



102. 


acdA, 


1x7. 


nBae, 


132. 


hacC, 


103. 


acBC. 


118. 


nBce. 


nzr 


hacm. 


104. 


abcfi 


1x9. 


nCab, 


«34. 


hcde. 


105. 


abeB, 


120. 


nCde, 


135- 


haef. 


X06. 


abeC, 


121. 


nBCa. 


136. 


hefB, 


107. 


acfB. 


X22. 


nBCf, 


^37- 


kamn. 


108. 


cdeC, 


123. 


ninac. 


138. 


hcmn. 


109. 


aeBC 


124. 


mnae. 


139. 


hBCn, 


no. 


aefB, 


125. 


mnBc, 


140. 


abed. 


III. 


nacd. 


126. 


mnBa, 


141. 


abcC, 


112. 


nace. 


127. 


kabc. 


142. 


adBC, 


"3. 


nacf. 


X28. 


habe. 


H3. 


nBcd, 


114. 


naef. 


129. 


Aabn, 


144. 


a-^b^CydyH, 


115. 


fiBac, 


130. 


haed. 


145- 


a-^b,k,dyf. 
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Construct a quadrilateral having given — 
Ex. 146. Three sides and the angle opposite to the 
fourth side. 

147. Three angles and two adjacent sides. 

148. Three sides and the two diagonals. 

149. One side, the middle points of the other three 

sides, and a straight line to which the given 
side must be parallel. 

Ex. 150. Construct a pentagon having given the middle 
points of its five sides. 

Ex. 151. Cut off the comers of a square by lines which^ 
with the sides of the square, shall form a regular octagon. 



II. — Circles. 

Ex. 152. The less the distance of a chord from the cen- 
tre of a circle, the greater the chord. 

Ex. 153. Of all the chords which can be drawn through 
a point within a circle, the shortest is that which is bisected 
by the point. 

Ex. 154. The line joining the points of tangency of two 
parallel tangents passes through the centre of the circle. 

Ex. 155. Parallel chords drawn from the extremities of a 
diameter are equal ; and the line which joins the extremi- 
ties of these chords passes through the centre of the circle. 
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Ex. 156. If, in the greater of two concentric circles, a 
chord is drawn which cuts the smaller circle, or touches it, 
the parts of the chord between the circles are equal. 

Ex. 157. The difference between the sum of the two legs 
of a right triangle and the hypotenuse is equal to the diam- 
eter of the circle inscribed in the right triangle. 

Ex. 158. The locus of the middle point of a line which 
moves with its ends touching two perpendicular lines is the 
circumference of a circle. What b the radius of this circle? 
Where is its centre? 

Ex. 159. If a rectangle is inscribed in a circle, and 
through its comers tangents to the circle are drawn, these 
tangents form a rhombus. 

Ex. 160. The perpendiculars let fall from the vertices of 
a triangle, bisect the angles of the triangle whose vertices 
are the points in which the perpendiculars meet the sides of 
the first triangle. 

Ex. 161. If a circle is circumscribed about an equilateral 
triangle, and any point of its circumference joined to the 
vertices of the triangle by straight lines, the longest of these 
lines b equal to the sum of the two other lines. 

Ex. 162. If a circle is circumscribed about any triangle, 
and from any point of the circumference perpendiculars are 
drawn to the three sides of the triangle, the points where 
they meet the sides are in one straight line. 

Ex. 163. Construct a circle of given radius and passing 
through two given points. (Two solutions. In what case 
only one? In what case no solution?) 
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Ex. 164. Construct a circle of given radius and touching 
a given straight line at a given point 

Ex. 165. Construct a circle of given radius and tangent 
to a given straight line. (When is there am, when /zotf so- 
lutions?) 

Ex. 166. Construct a circle which shall pass through 
three given points. (What position must the points not 
have?) 

Ex. 167. Construct a circle which shall pass throngh a 
given point and be tangent to a given line at a given point 
of the line. 

Ex. 168. Construct a circle which shall pass througfh two 
given points and be tangent to a given line parallel to the 
line which joins the given points. 

Ex. 169. Find the locus of the middle points of aU 
chords in a circle that have a given length. 

Ex. 170. Find the locus of points from whicb taii|$e!its 
diravn to a given circle shall have a given length. 

Ex. 171. Through a given point in a circle draw the 
shortest chocd. 

Ex. 172. In a given circle draw a chord parallel to a 
given straight line, and having a given lengdi. 

Ex. 173. Find the locus of the centre of a circle which 
shall bave a given radius and shall cot from a given 
line a chord of given length. 
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£s« 174. Inscribe an equilateral triangle in a given circle. 

Ex. 1 75. Inscribe in a given circle a triangle having an- 
gles equal to those of a given triangle. 

Ex. 176. Through a given point draw a chord of given 
length in a given circle. 

Ex. 177. Draw a tangent to a given circle parallel to a 
given straight line. 

Ex. 178. Find a point from which tangents drawn to two 
given circles shall be equal in length. 

Ex. 179. Find the loeus of the middle points of tXL 
chords which can be drawn through a given point in the 
drcumference of a circle. 

Ex. I So. Three lines, A, B, C, are given: find a fourth, 
Xf such that the lines AX, BX, CX shall make two equal 
angles with each other* 

Ex. 181. Three points are given: find a fourth such that 
lines joining it to the given points shall make equal angles 
with one another. 

Ex. 182. Construct a right triangle having given the 
middle point of the hypotenuse, the vertex of the right an- 
gle, and the length of one leg. 

Ex. 183. Find the locus of the centre of a circle which 
.ahall be tangent to two given intersecting lines. (Two straight 
lines. What relative position do they have? Why?) 
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Ex. 184. Find the locus of the centre of a circle wMch 
shall be tangent to two given parallel lines. 

Ex. 185. Construct a circle which shall touch the sides 
of a given angle, and whose centre shall lie in a given 
straight line. 

Ex. 186. Construct a circle which shall touch two given 
intersecting straight lines, and shall touch one of these lines 
in a given point. (Two solutions. What position of the 
given point is excluded?) 

Ex. 187. Construct a circle which shall have a given 
radius and shall touch two given intersecting lines. 

Ex. 188. Construct a circle which shall be tangfent to two 
given parallel lines, and shall pass through a given point 
between them. (Two solutions.) 

Ex. 189. Construct a circle which shall be tangent to 
three given straight lines. (Four, two, or no solutions.) 

Construct a right triangle with a given hypotenuse having 
also given — 

Ex. 190. A line in which the vertex of the right angle 
must lie. 

191. The altitude of the triangle with hypotenuse as 

base. 

192. The point where this altitude meets the hypot- 

enuse. 

193. The distance of the vertex of the right angle 

from a given line. 
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Construct a triangle having given one side, the angle op- 
posite, and also — 

Ex. 194. The altitude with the given side as base. 

195. The altitude with one of the other sides as base. 

196. The length of the line which joins the middle 

point of the given side with the opposite 
vertex. 

197. The sum of the other two sides. 

Let a, bf c denote the sides of a triangle. A, B, C the an- 
gles opposite to these sides respectively, h the altitude of 
the triangle upon a as base, r the radius of the circum- 
scribed circle. Construct a triangle having given — 

Ex. 198. r, a, b, 

199. r, tf, B, 

200. r, a, A, 

201. r, A, B. 

202. r, A, h, 

203. r,btB — C. 

(In analyzing the above exercises make use of the fact 
that when a chord of a circle is given, the value of an an- 
gle inscribed in the corresponding segment is known ; and 
conversely.) 

Also construct a triangle having given — 

Ex. 209. r, a, b + c, Ex. 212. r, A^b-^ c. 

210. r, a, b — c, 213. r. A, a + b + c, 

211. r, A, b + c. 

In a quadrilateral, A BCD, about which a circle can be 
circumscribed, let A, B, C, D denote the angles, a, b, c, d 
the sides opposite these angles respectively, e and /the diag- 
nals ^Cand BD, r the radius of the circumscribed circle, 



Ex. 204. 


r,c,B — C 


205. 


r,a,B-- C. 


206. 


r,b-¥ Cf B, 


207. 


r,b — Cf B. 


208. 


r,b — c, C, 
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m the angle of the diagonals. Construct the qnadrilateral 
having given — 

Ex. 214. rabe, Ex. 219. raCD, Ex. 224. rabe. 

215. rabA, 220. race, ^25. raem, 

216. racA. 221. rabf, 226. raAm. 
917. raAB, 222. rai^ 227. ri^. 
218. raAD, 223. ra^^. (Compare Ex. 173.) 

Ex. 228. r, a^e^ B-^r C, (Analysis : By means of r, a and 
€^ two inscribed angles are determined, which, 
added to the angle of the segment correspond* 
ing to df are equal to ^ + C) 

229. r, #, At m, (Analysis : By means o( A,/is de- 
termined. Compare Ex. 227.) 

S30. bceA. (Analysis: by means oi A, C is deter- 
mined; by means of bp c and C the circle is 
determined.) 

231. abef, Ex. 232. abeA, Ex. 233. abfA, 

234. abBm, 235. oceB, (Analysis : by means 

of i and B the circle b determined.) 
Ex. 236. tABm. Ex. 237. abem. 

Construct a quadrilateral in which a circle can be in- 
scribed, using the preceding notation, except that r shall 
now denote the radius of the inscribed circle, having given — 

Ex. 238. raeA, Ex. 242. raBC, Ex. 246. abcB. 

239. rabB, 243. re AC, 247., abcA, 

240. raAC, 244. rabA, 248. abeA, 

241. reAB, 245. abce, 249. tf*-5C. 

Let the quadrilateral be a trapezoid, a the greater, b the 
1m«» of the parallel sides, and construct it having given ^ 
Ex.250, rbd, Ex.251, r, «+*,*; Ex.252, rba 
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Let the tMi|)ttoid have the non-parallel sides equal, and 
let A be its altitude ; construct it having given '•^ 

Ex. 253. ac. Ex. 255. ck, Ex. 257. M, 

254. Af. 256. M; 258. eC, 

Ex. 259. The locus of the centres of all circles which 
touch a given circle at a given point is the line passing 
through the given point and the centre of the given circle. 
What two points of this line cannot be centres of the circles? 

Ex. 260. The locus of the centres of all circles which 
touch a given circle, and have a given radius, consists of two 
circles concentric with the given circles. What are the 
radii of these drcles? In what case does one of them dis- 
appear? 

Ex. 261. The locus of the centres of all circles which 
touch two given concentric circles consists of two circles 
concentric with the given circles. What are the radii of 
these two circles? What is the simplest way to construct 
them? 

£x. 262. If two circles touch each other, every line 
drawn through the point of contact cuts from the circles arcs 
which subtend equal angles at the centre ; and also the radii 
drawn frpm the ends of these lines are parallel lines. What 
difference does it make whether the circles have external or 
inUrnal contact? 

Ex. 363. If two equal circles cut one aaother, the arcs tut 
eff are eqaal, and the common eboid bisects the line of cea» 
trei. AUo the coavecse theoiem. 
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Ex. 264. Unequal circles cut from one another unequal 
arcs. Also the converse theorem. 

Ex. 265. Two circles cannot so cut each other as to be 
mutually bisected. 

Ex. 266. Every line dravm through the point of intersec- 
tion of the line of centres and the common chord of two 
circles which cut each other, and limited either by two inte- 
rior or by two exterior arcs, is bisected by this point of inter- 
section, and the radii drawn from its extremities are par- 
allel lines. Also conversely. 

Ex. 267. If from one of the points of intersection of two 
circles which cut each other a diameter of each circle is 
drawn, the other ends of these diameters lie in a straight 
line which passes through the other point of intersection of 
the circles. 

Ex. 268. About a given point as centre describe a circle 
which shall touch a given circle. (When two solutions? 
When only one?) 

Ex. 269. About two given points as centres describe cir- 
cles which shall touch each other, and one of which shall 
touch a given straight line. (Analysis: first construct the 
circle which shall touch the line, and then make use of 
Ex. :268.) 

.Ex. 270. With a given radius describe a circle which 
shall to"ch a given circle, and pass through a given point 
(Use the method of loci. Examine the cases where the giv- 
en point IS (j.) in, (,-,•.) jnsidc, <«« .) outside the circumfer- 
ence of the given circle ; also the cases where the radius 
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of the required circle (t.) is equal to, (tV.) is greater than, 
{Hi J) is less than the radius of the given circle.) 

Ex. 271. With a given radius r describe a circle which 
shall touch a given circle (radius = IH), and also a given 
straight line. (Use method of loci. Special cases: r is 
equal to, is greater than, is less than H; distance of centre 
of given circle from the given line is equal to, is greater than, 
is less than H! •¥ 2 r; in the last case, this distance is equal 
to, is greater than, is less than H!.') 

Ex. 272. Construct a circle which shall have a given ra« 
dius a, and shall touch two given circles, radii ^ and r. 
(Use method of loci. Different cases: line of centres of 
the given circles >^+r+2tf, = ^+r + 2tf, <^+r 
+ 2 tf ; and in the last case the same line > J? + r, = ^ + r, 
< ^ + r, etc.) 

Ex. 273. Construct a circle which shall touch the two 
given radii and the arc of a given sector. 

Ex. 274. Construct circles about the vertices of a given 
triangle such that each circle shall touch the other two 
circles. 

(The points where the inscribed circle touches the sides 
of the given triangle are also the points of contact of the 
circles required.) 

Ex. 275. Construct the locus of the centre of a circle 
which has a given radius, and cuts a given chord from a 
given circle. 

Ex. 276. Construct a circle which has a given radius, 
passes through a given point, and cuts a diameter from a 
given circle. 
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Ex. 377. Construct & circle which hAs $. given radius, 
touches a given straight line« and cuts a chord of given 
length from a given circle. 

Ex. 278. Construct a circle which has a given radius, 
touches a given circle, and cuts a tine of given length from 
a given straight line. 



III. — Areas. 

Ex* 279. Of all triangles of equal altitude which can be 
constructed upon a given line as base, the isosceles has the 
least perimeter. 

£jc. 2S0. The rectangle whose sides are the hypotenuse 
and corresponding altitude of a right triangle is equal to the 
rectangle whose sides are the two legs of the right triangle. 

Ex. 281. If the diagonals of a quadrilateral cut each 
other at right angles, the sum of the squares of one pair of 
opposite sides is equal to the sum of the squares of the 
other pair. 

Ex. 282. In a rhombus the sum of the squares of the 
two diagonals is equal to the square of one-half the perimeter. 

Ex. 283. In every parallelogram the sum of the squares 
of the two diagonals is equal to the sum of the squares of 
the four sides. 

Ex. 284. If lines are drawn from the vertices of a tri- 
angle to the middle points of the opposite sides, four times 
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the sum of their squares is equal to three times the sum of 
the squares of the sides of the triangle. 

fex. 2S5. The locus of a point, the sum of the squares of 
whose distances from two fixed points is constant, is the cir« 
cumfercnce of a circle. 

Ex. 2S6. Convert a parallelogram into another having 
^ given angl^; 

Ex. 287. Convert a given triangle into another having 
(1.) a given side, (».) a given angle. 

Ex. 28S. Draw through the sides of a triangle a tine 
which shall cut off a triangle equal to a given triangle^ 

fix. 289. Convert d given triangle Into ah isdscelds Iri- 
ahgle. 

Ex. 290. Convert a given triangle into a parallelogram 
having a given side. 

Eib 291. Cotiv«rt A hexagon int6 a triatigie. 

Ex. 292. Convert a pentagon into a rectangle, one side 
of wliich sh&U lie in a given straight line. 

Ex. 293. Convert a triangle intd anothet having a given 
altitude. 

Ex. 294. Convert a triangle into another having one 
side in common with the 6rst triangle, and opposite to this 
side a given angle. 
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Ex. 295. Convert two given triangles into one equivalent 
triangle. 

Ex* 296. Convert several given triangles into one equiva- 
lent triangle. 

Ex. 297. Construct a parallelogram equal to a given tri- 
angle, and having the same perimeter. 

Ex. 298. Halve a triangle by a straight line drawn from 
a given point in one of its sides. 

Ex. 299. Halve a parallelogram by drawing a straight 
line which shall pass through a given point 

Ex. 30a Construct a square equal to one-half of a given 
square. 

Ex. 301. Find a point within a triangle such that lines 
drawn from the point to the vertices of the triangle shall 
divide the triangle into three equal parts. 

Ex. 302. From a given point within a triangle draw lines 
which shall divide the triangle into three equal parts. 

Ex., 303. Halve a quadrilateral by a straight line drawn 
from one comer. 

Ex. 304. Divide a parallelogram into four equal parts by 
drawing lines from a given point in one side. 

Ex. 305. Find the perimeter and the area of a rectangle, 
having given — 

(1.) base =18"; altitude = 24™. 
(ff.) base = 58.3"*; altitude = 204". 
(m.) base = 86.74"; altitude = 54.9". 
(iV.) base = 845.6™; altitude = i843X>2">. 
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Ex. 306. The floor of a rectangrular room is i6>° long 
and 8°^ wide. How many boards 4"* long and 0.5"^ wide 
will be required to cover it? 

Ex. 307. A rectangular field is 246.8"* long, and has 
30751.28 square metres; how wide is it? 

Ex. 308. The altitude of a rhombus = 124% the area = 
473.68 square meters ; find one side. 

Ex. 309. The perimeter of a rectangle = 24.59"*, and the 
base is double the altitude ; find the area. 

Ex. 310. The sum of two adjacent sides of a rectangle = 
8.2">, their difference = 14"*; find the area. 

Ex. 31 1. Find the area of a square whose side = 26.12". 

Ex. 312. Find the area of a triangle if the base = 56.8™, 
and the altitude = 80.7"*. 

Ex. 313. Find the area of a right triangle whose legs are 
248.2°^ and i6o.5». 

Ex. 314. If the base of a triangle = 84™, what altitude 
must it have in order to have the same area as a square 
whose side = 5.6*? 

Ex. 315. Find the area of a rhombus if its diagonals are 
8.52™ and 6.38™. 

Ex. 316. The parallel sides of a trapezoid are 83.2°^ and 
1104°^, the altitude is 504"*; find the area. 

Ex. 317. The perimeter of a trapezoid = 122™, the non- 
parallel sides are 36™ and 32", and the altitude = 30.4™ ; 
find the area. 
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Ex. 318. The altitude and the parallel sides of a tia|»e- 
sold are to each other as 2 : 3 : 5, the area = 127OJ08 square 
metres ; find the altitude and the parallel udes* 

Ex. 319. The perimeter of a rectangle is 13^ greater 
than one side, the area = -20.88 square metres ; find the 
sides. 

Ex. 320. The side of a square a « ; find the side of a 
square whose area is u times as great 

Ex. 321. The sum of the areas of two squares ss 90^ 
square metres, the difference of their squares =: 252 square 
metres ; find the side of each. 

Ex. 322. The sides of three squares are 84", 17 -^t <uid 
25.86"; find the side of a square equal to their sum. 

Ex. 323. The sides of two squares differ ^12^, and 
their areas difier hy 240 square metres ; find the side and 
the area of each. 

Ex. 324. The perimeter of a right triangle s 60% the 
hypotenuse = 25"^; find both legs and the area. 

Ex. 325. In a right triangle given thd perimeter /» and 
the hypotenuse A; find the area. 

Ex. 326. The hypotenuse of a right triangle k 26.5**, thft 
difference of the legs = 5.3"; find both legs and the area. 

Ex. 327. Find the area of an isosceles txian^e whose 
base = a, and side = i. 

Ex. 328. The perimeter of an isosceles triangle = 24", 
and one of the equal sides = 7.5"^; find the area. 
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Ex. 329. Find th6 base of an isosceles triangle if the 
area = 20.28 square metres, and the side = 6.5™. 

Ex. 330. The hypotenuse of an isosceles right triangle =: 
S4™; find the area. 

Ex. 331. The area of an isosceles right triangle = 
270X>48S square metres ; find its three sides. 

Ex. 332. The hypotenuse of ah isosceles right triangle is 
15™ longer than one of the legs ; find the area of the tri« 
togle. 

Ex. 333. Find the area of an equilateral triangle one side 
6f which = 13.6^. 

Ex. 334. If a denote one side of an equilateral triangle, 
find the area. 

Ex. 335. It h denote thd altitude of aii equilateral tri- 
angle, find the area. 

Ex. 336. One side of an equilateral triangle is 4°^ greafe; 
than the altitude ; find the side, the altitude, and the area. 

Ex. 337. Find the Area of a triangle whose sides ar« 
585™, 488", and 137™. 

Ex. 338. Two sides of a triangle are 3™ and 8™, and the 
included angle is 60°; find the area. 

Ex* 339' Two sides of a triangle are 13™ and 15™, and 
the angle opposite the first side is 60^; find the area. 

Ex. 340, Two sides of a triangle are 5™ and 19™, and 
the angle opposite the second side is 6o^j find the area. 
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Ex. 341. One side of a triangle is 8^, and the altitades 
corresponding to the other sides are 6^ and y^; find the 
other two sides and the area. 

Ex. 542. The three altitudes of a triangle are io*"» I2», 
and I4">; find the area. 

Ex. 543. The base of a rectangle = 306", the altitude = 
229.5™; find the diagonals and the area. 

Ex. 344. The sum of the two diagonals and one side of a 
square = loo^; find the area. 

Ex. 345. The perimeter of a square is 4S" greater than 
the sum of the diagonals ; find the area. 

Ex. 346. The area of a rectangle = 2883 square metres, 
the sum of the diagonals = 77.5"*; find the sides. 

Ex. 347. Find the area of a rhombus if the altitude = 
48'", and one diagonal = 60". 

Ex. 348. One side of a rhombus = 344"', and one of the 
adjacent angles = 60^; find the area. 

Ex- 349» A side of a rhombus = 20", and a diagonal = 
30"; find the area. 

Ex. 350. The area of a parallelogram =120 square me- 
tres, and two adjacent sides are 12" and I4«; find the two 
diagonals. 

**• 35 '• The two altitudes of a parallelogram are 5"» and 
8«, and one diagonal is io»; find the area. 



GEOMETRICAL EXERCISES. 1 59 

Ex. 352. The parallel sides of a trapezoid are 184** and 
68™, and the other sides are 84™ and 72™; find the area. 

Ex. 353. The diagonals of a trapezoid are 1 16"* and 
100™, and the distance between the patallel sides is 8o">; 
find the area. 



IV. — Similar Figures. 

Find by construction the value of x in the following ex- 
pressions, in which a, b, c, etc., denote known lengths, — 

Ex. 358. x = ^^ 

tf* + ^ 
359. x = — J — 

ac-¥ be 



Ex 


•354. 


X 


_3« 


+ : 

5 


2 b. 




355. 


X: 


ab 
c 








356. 


X: 


a* 

~ b' 







360. Jf = 



357. x=\/ab. 361. * = 



d + / 
ab+ca 



Ex. 362. X = -V 



363. jc=Vfl«+ V(^+^). 

364. jr=V^-^ + ^-<^+^^. 

Ex. 365. Find the geometric mean between the sum and 
the difference of two given lines. 

Ex. 366. Construct two lines having given (t .) their sum 
and their geometric mean ; (».} their difference and their 
geometric mean. 
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Ex. 367. IMvide a line into two parts whose sqnares shaU 
be to eacli other as two given lines. 

Ex. 368. Find the locus of a point which moves so that 
the difference of the squares of its distances from two fixed 
points is always equal to a given square. 

Ex. 369. Construct on the diagonal of a given rectangle 
an equal rectangle. 

Ex. 370. Construct a right triangle having given — 

(f .) The hypotenuse and the ratio m : m of the legs. 
(H.) The ahitude and the ratio m s n of the legs, 
(f f f .) The altitude and the ratio mtMof the segments 
of the hypotenuse. 

Ex. 371. Construct an isosceles triangle having given the 

two altitudes. 

Ex. 371. Construct a triangle having given — 

(».) The altitude, an angle at the base, and the ra- 
tio M : i» of the other two sides. 
(».) A side, an adjacent angle, and the ratio m : n 

of the other sides, 
(ft t.) The three altitudes. 

Ex. 373. Construct a rhombus having given -^ 
(1.) The area and the altitude. 
(11.) The area and one side, 
(m.) The area and a diagonaL 

Ex. 374. Construct a trapezoid having given the parallel 
sides and the diagonals. 

Ex* 375. Through a point inside a circle draw » chord 
of given length. 



GECMtfETiaCAL EXERaSES. |6l 
t 

Ex. 376* Inscribe in a cijrcle il triangle similar to a given 
triangle. 

Ex. 377. Construet a circle which shall pass through a 
given point between the sides of an angle, and shall toodi 

the sides of the angle. * 

Ex. 378. Construct a circle which shall pass through two 
given points and touch a given straight line. 

Ex. 379. A circle and two external points are given : 
construct another circle which shall pass through tfa^ points 
and touch externally the given circle. 

Ex. 3S0. G>nvert a square into a rhombus one side of 
which is given. 

Ex. 381. Convert an isosceles triangle into an equflateral 
triangle. 

Ex. 382. Convert a triangle into an equilateral triangle. 

Ex. 383. Construct a square equal to three-fifths of a 
given square. 

Ex. 384. Convert ti square into an equilateral triangle. 

Ex. 385. Convert a polygon into another polygon similar 
to n given polygon. 

Ex. 386. Construct an equilateral triangle equal to five 
times a given equilateral triangle. 

Ex. 387^ Construct a triangle simijiar to a givev j^angk 
and twice as large. 
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Ex. 388. Construct a polygon similar to a given polygon 
and one-eighth as large. 

Ex. 389. Divide a triangle, by lines from one vertex, into 
three parts which shall be to each other as 2 : 3 : 4. 

Ex. 390. Halve a quadrilateral by a line drawn from one 
comer. 

Ex. 391. Divide a triangle, by lines parallel to one side, 
into (t.) two, (n.) three, (»i.) four equal parts. 

Ex. 392. Divide a triangle, by lines parallel to one side, 
into parts which shall be to each other as 2 : 3 : 5. 

Ex. 393. Halve a trapezoid by a line parallel to the par- 
allel sides. 

Ex. 394. In an equilateral triangle construct another 
half as large, and whose vertices fall in the sides of the 
given equilateral triangle. 

Ex. 395. In a square construct another three-fourths as 
large, and the comers of which fall in the sides of the 
given square. 

Ex. 396. In a semicircle construct a square, one side of 
which coincides in position with the diameter, and two cor- 
ners of which fall in the circumference. 

Ex. 397. The sides of a triangle are 174", 234", and 
31.S'"; the shortest side of a similar triangle is 5.8™; find 
the other two sides. 

Ex. 398. The length of the shadow cast by a tree is 
found to be 37.8"'; find the height of the tree if a vertical 
rod 2.75<» long casts a shadow 14"* long. 
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Ex. 399. The altitude of a right triangle, the hypotenuse 
being taken as the base, divides the hypotenuse into two seg- 
ments of 7.2"* and i6.2>"; find the altitude and the area of 
the triangle. 

Ex. 400. The hypotenuse of a right triangle = S^'S'^f 
the sum of the legs = 51.1™; find the legs and the alti- 
tude upon the hypotenuse as base. 

Ex. 401. The perimeter of a triangle = 4>37™; the 
sides of a similar triangle are 4.55% 6.3™, and 4445™; find 
the sides of the first triangle. 

Ex. 402. The area of a triangle = 3259.6 square me- 
tres, one side = 11 24™; find the area of a similar triangle 
if the side which corresponds to the given side of the first 
triangle = 28.1". 

Ex. 403. The three sides of a triangle are 389.2"*, 486.5™, 
and 291.9™, and the area of a similar triangle is 2098.14 
square metres ; find the sides of the last triangle. 

Ex. 404. The five sides of a pentagon are I2">, 20™, 11% 
15™, and 22™; the perimeter of a similar pentagon is 16™; 
find its sides. 

Ex. 405. Two sides, AB and AC, of a triangle are 240™ 
and 270™. If the triangle is divided into two equal parts 
by a line DF parallel to BC, find AD and AK 

Ex. 406. The three sides of a triangle, ABC, are AB 
= 655", BC = X075"", AC = 86o». If a portion, ADF, 
containing 73960 square metres, is cut off by a line DF 
parallel to BC, find the distances AD, AF, and DF, 
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Ex. 407. A triangle, AJSC, who«e sides $xe 4C = S6™, 
AB ss TO^f SC s= 50^, is to be divided by lines perpendic- 
ular to AC into three equal parts ; find the lengths of thcs^e 
lines of division, and the distances from C of the pointy 
where they cut AC, 

Ex. 408. If the triangle of the preceding exercise be di- 
vided by lines perpendicular to ^C into three parts, which, 
beginning with the part nearest C, are to each other as 
4:5:7, find wheoe the lines of division cut AC. 

Ex. 409. A triangular field, ABC, one side of which AB 
= 100", and the corresponding altitude CD = 80"*, consists 
of a trapezoid ABHG and a triangle GHC, the altitude of 
the latter being 60™. The first is worth #3.00 per square 
metre, the second f 1.50. Divide the field, by a line parallel 
to AB, into two parts of equal value. 

Ex. 410. A rectangular field, ABCD, whose sides are 
AB = 200"», and BC ^ 150", is divided by the diagonal ^C 
into two triangular parts differing in value. A square metre 
of the part ^Z^Cis worth #3.00, and a square metre of the 
part ABC is worth $2J0O, Divide the fields by a line parallel 
to ABp into two parts of equal value. 



V. — Regular Figures. 

Ex. 411. The side of a circumscribed triangle is equal to 
twice the Mde of the inscribed triangle. 

Ex. 412. The side of a regular circumscribed hcaKaflJSMi m 
two-thirds the side of the regular inscribed hexagon. 
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Ex. 413. The area of a circle circumscribed about an 
equilateral triangle is equal to four times the area of the cir- 
cle inscribed in the same triangle. 

Ex. 414. The area of a concentric ring is equal to that 
of a circle having for its diameter a chord of the greater 
circle, such that it touches the smaller circle. 

Ex.415. Given a circle; circumscribe and inscribe (t.) 
a regular octagon, (».) a regular decagon. 

Ex. 416. A regular polygon with n sides being given, 
construct a regular polygon with 2 n sides, and having the 
same perimeter. 

Ex. 417. A regular polygon with n sides being given, 
construct a regular polygon with 2 n sides, and having the 
same area. 

Ex. 41S. Make a circle whose circumference shall be 
equal to the sum of several given circumferences. 

Ex. 419. Make a circle whose circumference shall be 
equal to the difference of two given circumferences. 

Ex. 420. Make a circle whose area shall be equal to 
the sum of the areas of several given circles. 

Ex. 421. Make a circle whose area shall be equal to 
the difference of the areas of two given circles. 

Ex. 422. Make a circle whose circumference shall be to 
a given circumference as m:n, 

Ex. 423. Make a circle whose area shall be to the area of 
a given circle Sismin, 
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Ex. 435. Ehvide a circle by describiii£ coaceotnc aides 
into three puts which shall be to each other >s 3:3:5. 

Ex. 436. The radius of a drde ii ^; End the side id 

Ex. 437. With what rmdiua mnit a drde be desciibcd, 
that the ^de of Ihc iincribcd djnilateral Inangle iiuij be 
equal to 8JS6-7 

Ex.418. The nfins of a circle k ^ fi>d the (idc eC 
the ituciibcd regalu- decagon. 

Ex. 499. What radius mait a circle have m sider Aat 
flie nde of the inscribed regular decagon Bay be 9.S7*} 



* Ei- 433- fiai the side of a regular pentagon ia tenns of 
X, the radius of the circumscribed circle. 

Ri. AU. The side of a regular pentagon is ^"i find the 
le circumscribed circle. 

'Hie side o of a regular polygon and the ladin* 
rcomscribed drcls are given ; find in lenni of « 
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«Qd J?; the side x of the regular inscribed polygon which 
has half the niimber of sides of the given polygon. 

Ex. 436. The radius of a circle is R ; find the side S of 
thQ eurcumscribed regular polygon when this polygon is— - 
(1.) A triangle. (iV.) K hexagon, 

(f ».) A quadrilateral. («/.) An octagon, 
(f ti.) A pentagon. (v».) A decagon. 

Ex. 437. Find the side of a circumscribed regular poly- 
gon if the side of the inscribed regular polygon is 5™. 

Ex. 438. Find an expression for the radius R of the 
circle inscribed in the polygons of Exercise 436 if S denote 
« sid^ of the polygon. 

Ex. 439. The side Sot sl regular polygon is gnren ; find 
the area A when the polygon is — 

(tV) A triangle. (iV.) A hexagon. 

(».) A quadrilateral. (v.) An octagon, 
(m.) A pentagon. (vi.) A decagon. 

Ex. 440. Find the area ^ of the polygons in Exercise 
439 in terms of R, the radius of the circumscribed circle. 

Ex. 441. Find the area A of the polygons in Exercise 
439 in terms of r, the radius of the inscribed circle. 

Ex. 44a. find the area of a regular decagon if one side • 
= 38"- 

Ex. 443. The area of a regular octagon is 98.01 square 
metres ; find the radius of the circumscribed circle. 

Ex. 444. Find the area of a regular dodecagon \i the 
radius of the inscribed circle % 24."*^ 
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Ex. 445. With what radius must a circle be described in 
order that the area of the inscribed regular pentagon may 
be equal to that of a square whose side is 84°^? 

Ex. 446. Compute the side of a regular hexagon if the 
area = 515.29 square metres. 

Ex. 447. The radius of a circle circumscribed about a 
regular pentagon is 4.6*; find the area of the pentagon. 

Ex. 448. The circumference of the trunk of a tree = 
4.7124™; find the thickness of the tree and the area of a 
section. 

Ex. 449. What is the diameter of a carriage wheel which 
makes 3125 revolutions in passing over a distance of 
I9,62S«? 

Ex. 450. The radius of a circle = 1.5™; find the length 
of an arc of 78°. 

Ex. 451. The area of a circle = 78.54 square metres; 
find the length of the arc of 48^ 12'. 

Ex. 452. Find the radius of a circle if an arc of 112^ is 
4™ longer than the radius. 

Ex. 453. The diameter of a circle = 11.5™, and the arc 
between two radii = 4.6^; find the number of degrees in 
the arc. 

' Ex. 454. Find the number of degrees in an arc which is 
equal to the radius of the circle. 

Ex. 455. Find the area of a sector if the angle at the 
centre = 68° 36', and the radius = 7.2"». 
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Ex. 456. If the area of a circle = 432 square metres, find 
the area of a sector corresponding to the angle 84^ 12'. 

Ex. 457. Find the area of a segment which lies between 
the side of an inscribed regular pentagon and the corres- 
ponding arc, the perimeter of the pentagon being X5.70S™. 

Ex. 458. The circumferences of two concentric circles 
are 21.98™ and 18.84™; ^^ ^ ^^^ ^^ ^^ ^^Z included 
between them. 

Ex. 459. Find an expression for the area ^ of a portion 
of a concentric ring, if ^ and r are the radii of the circles, 
and m the corresponding angle at the centre. 



VI. — Solid Geometry. 

Ex. 460. Find the exterior surface of a right prism with a 
square base, if the height = 254"^, and one side of the base 
=2.5" 

Ex. 461. A triangular prism is 18"* high, and the sides of 
the base are 2.4™, 3™, and 1.8"; find the exterior surface. 

Ex. 462. The sides of the base and the height of a rec- 
tangular parallelopiped are to each other as 2:3:15; find 
their values if the whole exterior surface is 364.5 square 
metres. 

Ex, 463. The diagonal of the square base of a right 
prism is 20^ less than the height of the prism. Find the 
values of both when the entire exterior surface is 278.5 
square metres. 
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Ex. 464. Find the entire svrfooe of a cube whose edge 

Ex. 465. If the entve siiriace of a cube b 326.7S64 
tqtmre metres, find the edge. 

Ex. 466. A ditch is to be dug 43O™ long, 4™ deep, and 
^ 'Wide ; how many cubic metres of earth must be excavated ? 

Ex. 467. The height of a triangular prism s 25% one 
side of its regular base = I.S™; find its volume. 

Ex. 468. Find the volume of a hexagonal colanm whostt 
height is 32*", and the perimeter of whose base b 54™. 

Ex. 469. If the volume of a prism with square base is 
48.654 cubic metresy and its height is 8.5™, find a side of the 
base. 

Ex. 470. The surface of a rectangular parallelopiped = 
664 square metres, the breadth is 2>", and the length ^ 
more than the height ; find the volume. 

Ex. 471. Tlie three intersecting edges of a rectangular 
parallelopiped whose surface = 184.5 square metres are to 
each other as 2 : 3 : 7 ; find the volume. 

Ex. 472. A tank with rectangular base contains 1316.25 
cubic metres, and is 4.5*" deep ; find the sides of the base 
if they difier by 2"». 

Ex. 473. A right triangular prism 5™ high weighs 1836^$ 
find one side <^ the legalar base, the speotfic gmvi^y of the 
material being 4. 
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Ek. 474. ReqiRFed: the nei^t of 24 koa 'bars each 2™ 
long and having a square sectioii whose side = 8^™. {Specific 
gravity of iron, 7^.) 

Ex. 475. The perimeter of the base of a cube = 12.3^^ 
£nd its soiface and its volume. 

Ex. 476. Compute the surface and volume of a cube if 
its diagonal = 6^, 

Ex. 477. How moBf cubes havii^ for an «dge o«9™ caa 
be made from a cube whose edge is 7.2™? 

Ex. 478. The sum of the edges a«id the ^KagORai ei « 
cube together is equal to ^e ; find an expression for its vol- 
ume. 

Ex. 479. The edge of a cube is 6^; imd ^e edge of -k 
cube twice as great. 

Ex. 480. Find the diagonal of a cube, the volume 'bein^ 
21.952 cubic metres. 

Ex. 4S1. From 1000^ of iron how many cubes with the 
«dge 0.24"* can be cast? (Specific gravity of the irox^ 7.2.^ 

Ex. 482. A cube of iron weighs xo6^; find its edge. 
•(Specie gnavity of iron, 7.2.) 

Ex. 483. A cube is cast composed of 1 1^ q£ copper aiKl 
4.5^ of tin ; find its edge. (Specific gravity of coppei;, 8.8; 
of tin, 7.3.) 

£k. 484. Tke ndeofthe regular base fif aright tnaairttlar 
pyramid = a, a slant edge = d; find the entire surface. 
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Ex. 485. Each of the six edges of a triangular pyramid 
is 4>" long ; find the entire surface. 

Ex. 486. The height of a right pyramid is h, the base is 
a square with the side a \ find the entire surface. 

Ex. 487. Find the surface of a right pyramid with a 
square base, the height being 4.8™, and a side of the base 
being 7.2™. 

Ex. 488. In a right pyramid, given a side a of the square 
base, and the entire surface S\ find the height 

Ex. 489. The surface of a right quadrangular pyramid 
with equal edges is 68.3 square metres ; find the edges. 

Ex. 490. The surface of a right pyramid with square base 
= 410.13 square metres, and a side of the base is to a slant 
edge as 4 : x6 ; find the side of the base. 

Ex. 491. Two homologous sides of the bases of the frus'* 
tum of a pyramid are a and b (a > ^), and the height of 
the entire pyramid is h ; find the height of the frustum. 

Ex. 492. Find the entire surface of the frustum of a pyra- 
mid with a square base, if a, d, and A denote a side of the 
greater base, a side of the lesser base, and the height of the 
frustum, respectively. 

Ex. 493. The surface of the frustum of a right pyramid 
with a square base = 351.9 square metres, the height of the 
frustum = 10™; find a side of each base of the frustum, 
given that the difference of the two sides is 3™. 

Ex. 494. A side of the square base of a right pyramid 
measures 2.3™, the height of the pyramid measures 8.7™; 
find the volume. 
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Ex. 495. find the Tolume of a regular hciagooal pyra- 
mid i8°* high, a side of the base being 3"*. 

Ex. 496. A right pyramid has a sqnare base one side of 
which s $,2^f and a slant edge = 15.S"; find the volume. 

Ex. 497. Find the volume of a triangular pyramid each 
edge of which = 6^. 

Ex. 49S. Find the volume of a rig^t pyramid with a 
square base, if a side of the base s a, and the surfaee of 
the pyramid = 5. 

Ex. 499. A right hexagonal pyramid with regular base 
contains 96 cubic metres, and each slant edge is twice as 
long as a side of the base ; find the slant edge and a side 
of the base. 

Ex. 500. A granite gravestone has the shape of a right 
pyramid with square base. What is it^ weight if a side of 
the base s 0.9"*, and a slant edge = 24™? (Specific grav- 
ity of granite, 2.7.) 

Ex. 501. How high must a right pyramid with square 
base be to weigh ioo\ a side of the base being 0.45™, and 
the specific gravity of the material being 2.5? 

Ex. 502. In the frustum of a pyramid the areas of the 
bases are 16 and 9 square metres, and the height of the 
frustum is 8.7"; find its volume. 

Ex. 503. Find the volume of the frustum of a right pyra- 
mid with square base, if a and d are the greater and less 
sides of the bases, and c one of the slant edges. 
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Ex. 504. The volume of a frustum of a pyramid s 21.546 
cubic metres, the sides of its bases, which are squares, are 
2.7™ and 1.8"; find its height 

Ex. 505. The edge of a regular polyhedron is ^; find the 
radii H and r of the circumscribed and inscribed spheres, the 
surface S, and the volume V. 

The results are as follows : — 



Tetrahedron, 

12 ^ 



Cube. 



i 

2 



Dodecahedron, 



Octahedron, 



r=^V6. 



Icosahedron, 






r=i 3 + V5 
4' V3 



Ex. 506. The edge of a regular tetrahedron == 2.5*"; find 

its surface and its volume. 



Ex. 507. If the height of a regular tetrahedron is 4.75''9 
find its surface. 
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Ex. 508. The difference between the edge and the height 
of a regular tetrahedron is 14™; find its surface. 

Ex. 509. Find the volume of a regular tetrahedron if its 
height is 5.6". 

Ex. 510. The sum of the height and the edge of a reg- 
ular tetrahedron = 24"^; find the volume. 

Ex. 511. The sum of the volumes of two regular tetrahe- 
drons = 4.12457 cubic metres, the sum of two edges = 5™; 
find the edges. 

Ex. 512. In an octahedron whose edge =A,a cube b so 
inscribed that its comers fall in the eight edges of the octa- 
hedron ; find the volume of this cube. 

Ex. 513. Find the surface and volume of a regular octa- 
hedron if the edge = 1.6™. 

Ex. 514. Find the edge of a regular octahedron if the 
volume = 12.728 cubic metres. 

Ex. 515. Find the surface and volume of a regular do- 
decahedron, the edge being 0.5"^. 

Ex. 516. The surface of a regular dodecahedron = 516 
square metres ; find the volume. 

Ex. 517. Find the surface and volume of a regular icosa- 
hedron if the edge = 4.6™. 

Ex. 518. The volume of a regular icosahedron = 471.24 
cubic metres ; find the edge. 

Ex. 519. Find the entire surface of a right cylinder, the 
height being 18*, and the diameter of the base 2.5™. 
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Ex. 520. Height of a cylinder =c i^, perimeter of the 
base = 7.85"*; find the entire surface. 

Ex. 521, The convex surface of a right cylinder 3.75"* 
high contains 7425 square metres ; find the diameter of the 
cylinder. 

Ex. 522. Find the diameter of a cylinder 14"^ high when 
the entire surface contains 11 9.7 125 square metres. 

Ex. 523, The sum of the surfaces of two similar cylin- 
ders is 24 square metres, their heights are 2.5"^ and 14"^; 
find the surface of each. 

Ex. 524. Find the volume of a cylinder 12"* high, the 
radius of the base being 1.5"*. 

Ex. 525. Find the volume of a cylinder, the height being 
154™, and the perimeter of the base 26.69"^. 

Ex. 526. The same exercise, the height being A, and the 
perimeter of the base being P, 

Ex. 527. How many litres will a cylindrical vessel hold 
54«™ wide and 90*»* high? 

Ex. ^28. If the volume of a cylinder is 942 cubic metres* 
and the radius of the base 3.75™, find the height 

Ex. 529. A cylindrical vessel has a diameter of 30^*1 and 
holds 15 litres ; how high must it be? 

Ex. 530. If the convex surface of a cylinder is Jtf^ the 
height A, find the volume. 

Ex. 531. Express the volume of a cylinder of equal 
thickness and height in terms of 5, the entire surface. 
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Ex. 532. If S denote the entire surface of a cylinder, d 
the diameter of the base, find the volume. 

Ex. 533. Let P denote the perimeter of the base of a 
cylinder, S the entire surface ; find the volume. 

Ex. 534. The volume of a cylinder = F, the height = ^ ; 
find the entire surface S. 

Ex. 535. The convex surface of a cylinder = Af, the vol- 
ume =r V; find the height, and the diameter of the base. 

Ex. 536. The entire surface of a right cylinder = S, the 
height =A; find the volume. 

Ex. 537. An iron weight, weighing 50^, is to be cast ; 
how high will it be if its diameter is made equal to 1 8^"^? 
(Specific gravity of iron, 7.2.) 

Ex. 538. Find the volume of a cylindrical shell 18™ high, 
the exterior diameter being 1.2", and the width of the bore 
o.6». 

Ex. 539. The volume of a cylindrical shell = V, the 
height = Af the exterior diameter = J^ ; find the diameter 
of the bore. 

Ex. 540. The radius of the base of a right cone = 34®", 
the slant height = 14"^; find the curved surface, and the 
entire surface. 

Ex. 541. Find the entire surface of a cone in terms of A, 
the area of the base, and A, the height. 

Ex. 542. The height of a right cone = A, the slant 
height ac k ; find the entire surface. 
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Ex. 543. The comrex surface of m ccme cAiitaiiis 427x34 
square metres, the slant height is 17"; fiad tbe hdght and 
the diameter of the base. 

Ex. 544. The slant heif|ht of m cone is 744* longer than 
the perimeter of the base ; find the diameter of the base, 
the entire surface being 138.16 square metres. 

Ex. 545. The entire surface of a right cone = 75.36 square 
metres, and the slant height exceeds the diameter -of the 
base by 6"; find the slant height and tlie diameter of the 
base. 

Ex. 546. The entire surface of a right cone contains 
13.345 square metres. If the slant height and the diameter 
of the base were each i™ longer, the surface of the new 
cone would contain 314 square metres ; iind the slant height 
and diameter. 

Ex. 547« Hnd the volume of a right cone in which the 
perimeter of the base = 6.i8", the slant height = 5.4". 

Ex. 548. The diameter of the base of a right cone = 
6.4"% the vokime = 160.768 cubic metres^ how h^h is it? 

Ex. 549. Express the volume of a cone in terms of its 
eatire surface Si, and the radius r of the base. 

Ex. 550. Express the volume of a right cone in terms of 
the entire surface S, and the convex surface M, 

Ex. 55 1 . A right cone, radius of base sz 2.5™, slant height 
= 6.5", is divided into equal parts by a section parallel to 
the bitte; ibd the height and ndias of the base of the 
upper portion. 
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Ex. 552. An iron cone weighs 50^, and the radios of its 
Inse = 12**; find its height. (Specific gravity of iron, 7.2.) 

Ex. 553. Find the convex surface of the frustum of a 
cone, the perimeters of the bases being 6&75"' and 185.5™, 
and the slant height 23.2"*. 

Ex. 554. i*lnd the surface of the frustum of a cone, the 
height being 24"*, the diameters of the bases 6™ and 4"*. 

Ex. 555. The entire surface of a frustum of a cone = 
' 96.712 square metres, the diameters of the bases are 6™ and 
t™^ find the he^t of the frustum. 



m 



Ex. 556. Find the volume of the frustum of a cone 5.7 
high, if the radii of the bases are 1.4™ and 0.8™. 

Ex. 557. A kettle has for its upper diameter I02<™, and 
for its lower 84*"', and is 72^™ deep ; how much water will 
it hold? 

Ex. 558. The perimeters of the bases of the frustum of a 
rig^t cone are 7.85™ and 6.28", the slant height is 5"; find 
its volume. 

Ex. 559. The volume of a frustum of a cone = 1186.92 
cubic metres, the height = 18™, the radius of the greater 
base s 6™; find the radias of the other base. 

Ex. 560. The radius of the greater base of a frustum of 
a cone = 3", that of the smaller base = i", and the height 
= 4"'; if the frustum is divided into equal parts by a plane 
]>»rallcA to the bases, at what distance from the greater base 
must the section be made, and what will be its rafius? 
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Ex. 561. The trunk of a tree 9"^ long has the shape of a 
frustum of a cone. At one end the perimeter is 4-71™) at 
the other 3.768™; find the weight of the trunk. (Specific 
gravity of the wood, 0.65.) 

Ex. 562. Find the surface of a sphere, the radius being 

Ex. 563. The edge of a regular tetrahedron = a ; find 
the surfaces of the circumscribed and inscribed spheres. 

Ex. 564. A cube contains 3.375 cubic metres ; find the 
surface of the circumscribed sphere. 

Ex. 565. The edge of a regular octahedron = a ; find 
the surfaces of the circumscribed and inscribed spheres. 

Ex. 566. The same exercise, substituting dodecahedron 
for octahedron. 

Ex. 567. The same exercise, substituting icosahedron for 
octahedron. 

Ex. 568. Find the radius of a sphere which shall have 
the same extent of surface as two spheres, one with the 
radius 4.5™, the other having for the circumference of a 
great circle 15.7"? 

Ex. 569. The sum of the diameters of two spheres = </, 
the sum of their surfaces = •S'; find the diameter of each. 

Ex. 570. The sum of the surfaces of two spheres = 
1 41 3 square metres, the difference of their radii = I5«™; 
find the surface of each. 

Ex. 571. How much greater is the volume of a sphere 
than that of the regular inscribed tetrahedron, if tlvi edge 
of the latter s 8»? 
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Ex. 572. The radii of two spheres differ by i", their sur- 
faces differ by 62.8 square metres ; find the volume of each 
sphere. 

Ex. 573. If a square and an equilateral triangle are so 
circumscribed about a circle that one side of the triangle 
coincides in direction with one side of the square, and the 
whole is then made to revolve about the altitude of the tri- 
angle upon this common side as base, there will be gener- 
ated by the revolution a sphere, a cylinder, and a cone. 
Find the ratios of the volumes of these three bodies. 

Ex. 574. If two spheres with the diameters 18™ and 36"* 
are melted and recast into one sphere, find its diameter. 

Ex. 575. Find the radius of a sphere which has the same 
volume as a regular tetrahedron 4™ high. 

Ex. 576. The volumes of two spheres are as mm, the 
diameter of the first = </; find that of the other. 

Ex. 577. Find the ratio of the volumes of two spheres if 
that of their surfaces is as m:n. 

Ex. 578. Find the ratio of the surfaces of two spheres 
if that of their volumes is as m : » . 

Ex. 579. The sum of the volumes of two spheres = 
1. 1 72 cubic metres, the sum of their radii = i™; find their 
diameters. 

Ex. 580. The outer surface of a wooden ball = 6.28 
square* metres, the volume of the hollow part = 904.32 
cubic metres ; find the thickness of the wooden shell. 
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Ex. 581. How many bullets 9™^ diameter can be made 
from half a kilogramme of lead. (Specific gravity of lead. 
11.38.) 

Ex. 58a. At the distance a from the centre of a sphere, 
a section is made by a plane ; find the area of the two 
spherical segments into which the sphere is divided, if the 
radius of the circular section is equal to r. 

Ex. 583. Find the radius of a sphere if a zone 14"* high 
contains 21.98 square metres. 

Ex. 584. Find the volume of a spherical sector if the 
radius of the sphere = 2,6^^ and the height of the cor- 
responding zone = 1.6*. 

Ex. 585. What height has the base of a spherical sector, 
if it contains 0.848 cubic metres, and the radins of the sphere 
= 0.9™? 

Ex. 586. The racKus of a sphere = ^, a segment with 
cms base has for this base a circle with the radius r ; find 
the surface and volume of the segment when it is less than 
a hemisphere. 

Ex. 587. Find the volume of a spherical segment if the 
radu of its bases are 8" and 3», and its height is 6». 

Ex. 588. A sphere, radius 33 24"*, is cut by two parallel 
planes that make circular sections having the radii 4"* and 
2™; find the surface and volume of the segment contained 
between the planes. 
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